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Newton-type scheme to solve F(x) = 0:!
J(x)Ax = —F(x),

where J(%) = J(x) := 2E(x) such that x* = X + Ax (full step)

LPeter Deuflhard. Newton methods for nonlinear problems: affine invariance and adaptive algorithms. Vol. 35
Springer, 2011.
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Newton-type scheme to solve F(x) = 0:!
Jx)Ax = —F(x), or Ax=-J(X)'F(x),

where J(X) &~ J(x) := 9E(x) such that ™ = x + Ax (full step)

Theorem: Local Newton-type contraction

Let us consider F(x) € C? and the Jacobian approximation J(x) € C is
invertible in a neighborhood of the solution x*. The fixed point x* is
then asymptotically stable if and only if

K =p (J(x*)—lJ(x*) - 1) <1

When initialized close enough, the iterates X converge at least linearly to

the point x* with the asymptotic contraction rate x* .

p(+): spectral radius or maximum absolute eigenvalue

1Deuflhard, Newton methods for nonlinear problems: affine invariance and adaptive algorithms.
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Newton-type Optimization for Nonlinear Programming:

min  f(y)

st. 0=g(y)
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Newton-type Optimization for Nonlinear Programming:

myi“ f(y) o f,gc C?

st. 0=g(y) o fixed active set

First order necessary conditions for optimality:

- o 3 Ay} o3
5N J ’)\ - F a>\ )
r.3) = [EE, 0.3 | x| = -F6 R
Ly, ) = F(y) + ATg(y) () ~ [Viﬁ(@) & (y)]
gy()’) 0

Local contraction iff k* = p (j(y*, M)y, ) — 1) <1
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NLP problem formulation

min  f(z,w)

z,w

st. 0=g(z,w)
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NLP problem formulation
min  f(z,w)
st. 0=g(z,w)

o y=(z,w)
° g, = g—i invertible

Forward problem z*(w):

g(z,w) =0, fora given w



Introduction and Motivation 4720

NLP problem formulation
min  f(z,w)
st. 0=g(z,w)

o y=(z.w)
0 g, = g—f invertible

Forward problem z*(w):
Az = 7M71g(27 W)a

with
kp=p(M1gr—1)<1



Introduction and Motivation

4/20

NLP problem formulation
min  f(z,w)
st. 0=g(z,w)

°y=(z,w)
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NLP problem formulation
min  f(z,w)
st. 0=g(z,w)

o y=(z.w)
0 g, = g—f invertible

Forward problem z*(w):
Az = 7M71g(27 W)a

with
kp=p(M1gr—1)<1

Newton-type optimization

[T [ [T
Lo "o D
= )

with £(y,\) = f(y) + ATg(y)

Standard Inexact Newton

[(M H %ﬂ {ﬁw} - [

gw) AN

::le(y,S\)

where H =~ V}Z,L and M~ g,
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NLP problem formulation
min  f(z,w)
st. 0=g(z,w)

o y=(z,w)
0 g, = g—f invertible

Forward problem z*(w):
Az = _Milg(27 W)a

with
kp=p(M1gr—1)<1

Newton-type optimization

e ) --[ag)]
S = F(y,X)

with L(y,A) = f(y) + X" g(y)
Standard Inexact Newton

AN

[(M ' <I:0TT>} FW} --[&%7)

&w)

=N (7,3
where H ~ V§£ and M ~ g,

But local convergence:
riv=p (O —1) <17
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NLP problem formulation
min  f(z,w)
st. 0=g(z,w)

o y=(z,w)
0 g, = g—f invertible

Forward problem z*(w):
Az = _Milg(iv W)a

with
kp=p(M1gr—1)<1

Newton-type optimization

e ) --[ag)]
S = F(y,X)

with L(y,A) = f(y) + X" g(y)
Standard Inexact Newton

AN

[(M ' <IZ0TT>} FW} --[&%7)

&w)

=N (7,3
where H ~ V§£ and M ~ g,

But local convergence:
riv=p (O —1) <17



Introduction and Motivation 5/20

Potschka’s QP example?

. 1+
min —y'H
y=(z,w) 2y Y
st. 0= [Al,AQ]y,

with M =1~ A;, H=H

2 Andreas Potschka. “A direct method for the numerical solution of optimization problems with time-periodic
PDE constraints”. PhD thesis. University of Heidelberg, 2011. URL:
http://www.iwr.uni-heidelberg.de/~Andreas.Potschka/publications.html.


http://www.iwr.uni-heidelberg.de/~Andreas.Potschka/publications.html
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0.83  0.083 034 —0.21
by | 0083 0.4  —034 —0.4
=03 —034 065 0.48 |°
—0.21 —0.4  0.48 0.75
’ 2
Potschka’s QP example W[ 17] . _[-055 —1i4
1=]0 052]" ™7 |-099 -1.8
1
. T
min -y ' H
y=(z,w) 2)/ y

s.t. OI[Al,AQ]y,
with M=1~A;, H=H

2Potschka, “A direct method for the numerical solution of optimization problems with time-periodic PDE
constraints” .



Introduction and Motivation 5/20

Potschka’s QP example?

1. 0.83  0.083 034 —0.21
. - | 0.083 0.4  —034 —0.4
17(12an) 2y Hy H=1032 —034 o065 0.48 |’
y=\z —0.21 —0.4  0.48 0.75
st. 0=[A1, Ay, a = [L117) . _[-085 14
0 052’ —0.99 1.8

with M =1~ A;, H=H

10° T T T T

1 Forward problem|

e J * _
0 Sag Kh o= p(A; —1) =048 < 1
s Bg
= =
=z Bag
! =
> B-g
5 Beg
10°F Bq 1
B
B
o
=
=
B
o
=
0
10"" L L L L L
0 5 10 20 25 30

15
Iteration

2Potschka, “A direct method for the numerical solution of optimization problems with time-periodic PDE
constraints” .
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Potschka’s QP example?

1 0.83  0.083  0.34  —0.21
. T 0.083 0.4 —0.34 —0.4
,TZmW) y Hy H=1032 —034 o065 0.48 |°
y=\z —0.21 —0.4  0.48 0.75
st. 0=[A1, Ay, A t1o17] L [-055  —14
1=]10 o052]°™27|-099 -—18
with M=1~A;, H=H
10° . : : —
- XXX Forward problem|
X% XX [%-IN scheme
s KX
X
" DM,S-X-W‘ | kg =p(A —1) =048 < 1
&
s Bag .
> Seg win = o0 d — 1) =~ 1.62 > 1
= B-g
= 15 a .
10° = |
B.g
& a -
Bg
Bg
&
il
"
10 0 g) 1‘0 [ 2‘0 2‘5 30

2Potschka, “A direct method for the numerical solution of optimization problems with time-periodic PDE
constraints” .
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© Inexact Newton with Iterated Sensitivities



Inexact Newton with Iterated Sensitivities 6/20

NLP problem formulation
min  f(z, w)

st. 0=g(z,w)

Kp=p(M1gr—1) <1

Standard Inexact Newton

~ T -
[ ! <I:J ) {AAW] =[5
(M gw) 0 AN
[ —7

=N, N)

riv=p (O - 1) <17
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NLP problem formulation Inexact Newton with

_ Iterated Sensitivities (INIS)
min  f(z, w)

’ Z (ﬁ,}) ! [T
st. 0=g(z,w) M D Al e |’

MD) 0

Kp=p(M1gr—1) <1

Standard Inexact Newton
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[ ! <I:J ) {AAW] =[5
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NLP problem formulation
min  f(z, w)
st. 0=g(z,w)

Kp=p(M1gr—1) <1

Standard Inexact Newton

~ T -
[ ! <I:J ) {AAW] =[5
(M gw) 0 AN
[ —7

=N, N)

riv=p (O - 1) <17

Inexact Newton with
Iterated Sensitivities (INIS)

- T z -
i (DMMT> al - (72263
(M MmD) 0 Ax )

Sensitivity matrix update:
AD = —-MY(g,D - gu)
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NLP problem formulation Inexact Newton with
o Iterated Sensitivities (INIS)
min (z,w) . ( " > ~ o
AT T Awl| = — y :V7
st. 0=g(z,w) |:(M MD) : a;w } L/\} [ ) ]
KJ* — Mfl *_1 <1
pep ( & ) Sensitivity matrix update:
M-l D
Standard Inexact Newton AD = -M"(g:D — gw)
~ MT> Az -
H 2l [VyLw %) i i
{(M &) <g§ {ﬁx] { yg(?) ] H (DQ/';,T> 0 ﬁjv - VyL(F,X)
Y M MD) 0 0 A a vec(gg%)v)f 8gw)
=N N) 0 0 1@ M|Lvec(AD) R z v
- _ = Fin1s (7, A, D)
= JiN1s(7,X,D)

riv=p (O - 1) <17
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NLP problem formulation
min  f(z, w)
st. 0=g(z,w)

Kp=p(M1gr—1) <1

Standard Inexact Newton

T
o))
(M gw) 0 AN
[ —7

=N, N)

riv=p (O - 1) <17

A
]7 [(M MD

Inexact Newton with
Iterated Sensitivities (INIS)

~ N B
LM o (Dyomﬂ {ﬁw} - [

AX
Sensitivity matrix update:
AD = -M"Y(g,D — gu)
)

) 0 0
1M

VyL(7, ) }

Az
A -
N —[ &) :
0 o vec(AD) vec(gzD — gw)
e ——

. — = FiN1s (7, X, D)
=JiN1s (7,7, D)

~ o1
Kints = P(JinsIinis — 1) < 17
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NLP problem formulation
min  f(z, w)

st. 0=g(z,w)

kh=p(M1g—-1)<1

Standard Inexact Newton

~ T -
[ o) %] -~ [
(M gw) 0 AN
[ —7

=N, N)

KN =P (.N/ﬁ\;lJ* - 1) <1?

I [(M

Inexact Newton with
Iterated Sensitivities (INIS)

~ o -
LM e (DMOMT)} {ﬁw} =[5

MD) AN

Sensitivity matrix update:
AD = -M"Y(g,D — gu)

- mT
0 ()

MD)  © o
0 0 1M

n VL, %)
NN i &(y) ;

vec(AD) vec(gZD - &w)

. — = FiN1s (7, X, D)
= JiN1s (75X, D)

~ o1
Kints = P(IinisIins — 1) < 17
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Theorem: Local INIS-type contraction

The asymptotic rate of local convergence for the Inexact Newton
method with Iterated Sensitivities (INIS) reads

~ 1 ~
tints = P(IinisJings — 1) = max (/‘éfﬂ, p(H;'H, — 1)) ,

where ZT = [—g1g; T, 1] such that H, = ZTHZ and H,=ZTHZ.

Proof- see?

3R. Quirynen, S. Gros, and M. Diehl. “Inexact Newton-Type Optimization with Iterated Sensitivities”. In:
SIAM Journal on Optimization (under review, preprint available at Optimization Online) (2016).



Inexact Newton with lterated Sensitivities 7/20

Theorem: Local INIS-type contraction

The asymptotic rate of local convergence for the Inexact Newton
method with lterated Sensitivities (INIS) reads

~. 1 ~
Kints = P(JnisJings — 1) = max (wa p(H;'H, — 1)) :

where ZT = [—g) g; T, 1] such that H, =Z"HZ and H, = Z"HZ.

V.

Proof: see3

Connection local contraction forward problem and INIS
@ necessary and often sufficient

M * _ *
@ exact Hessian = Kiyig = K§

3Quirynen, Gros, and Diehl, “Inexact Newton-Type Optimization with Iterated Sensitivities”.
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Theorem: Local INIS-type contraction
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Theorem: Local INIS-type contraction

stis = (s ivts — 1) = max (i, p(F; "He —1))

Sketch of proof:
det (jﬁ\IIISJIle —(v+ 1)1) = det (JINIS —(v+ l)jINIS) =0
Jints = (v + 1) Jinvis =

10 0 H—(v+1)A g 0 1
o M o g 0 0 0
0]

0 1 X 0 1M

[SE<ES]
[ =~
[

4

where g, =g, 'gyand M =g, — (Y +1) M
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Theorem: Local INIS-type contraction

stis = (s ivts — 1) = max (i, p(F; "He —1))

Sketch of proof:

det (jﬁqusJINIS -(v+ 1)1) = det (JINIS -(v+ 1).71NIS) =

I
o

Jinis — (v + 1) Jinis =

10 0 H—(v+1)A g 0 1 T
o M o &y 0 0 0
0 0 1 X 0 1Q M 0

where g, =g, 'gyand M =g, — (Y +1) M

0 2 H—(v+1)H g 0
0 det & 0 )
1 X 0o 1®M

:det(l\'xf)2+"wdet<[ H-(+1A g ])

&y 0

[SE<ES]
[ =~

1
det (JINIS - (v+ 1)31le) = det ([ 0
0

[SE<ES]
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Theorem: Local INIS-type contraction

stis = (s ivts — 1) = max (i, p(F; "He —1))

Sketch of proof:
det (jﬁ\IIISJINIS —(v+ 1)1) = det (JINIS —(v+ l)jIle) =0
Jints — (v + 1) Jinis =
1 0 0 H—(v+1)A g 0 1 0o o 1]"
[OMO][ gy 0 0 ][DMO}
0] 0] 1 X 0 1Q M 0] 0] 1

where g, =g, 'gyand M =g, — (Y +1) M

0 2 H—(v+1)H g 0
0 det & 0 )
1 X 0o 1®M

:det(l\'xf)2+"wdet<[ H-(+1A g ])

&y 0

1
det (JINIS - (v+ 1)31NIS) = det ([ 0
0

[SE<ES]

= 0o (Jﬁ\rllsJINIS — 1) =oc(M g, —1)Uc (I':IZ_IHZ — 1)
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Potschka’s QP example

0.83  0.083 034 —0.21
. 1 + g |0083 04 —03s —o04
min -y Hy =103 —034 065 0.48 |°
y=(z,w) 2 —0.21 —0.4  0.48 0.75
st. 0=[A A 1117 _[-055 —1.4
[ b 2] Y A=10 o052 A= | 00 -18

with M =1~ A;,, H=H
10 i i i ><.7>(v->‘<-'><"><‘ -1 Forward problem|
VR >IN scheme
X

1 KE = p(Al —1) =048 < 1

win = pUpdd — 1) =~ 1.62 > 1

1
Iteration
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Potschka’s QP example

0.83 0.083 0.34 —0.21
H— 0.083 0.4 —0.34 —0.4

. 1 T - 0.34 —0.34 0.65 0.48 |~
‘min Ey Hy —021 —04 048 075

y=(z.w) A [1‘1 1.7] a [70.55 71.4]

st. 0= [Al’ A2] y, 1 0 052]’"27 [-099 -18

with M =1~ A;, H=H

10 . T T s¢-X- XX Forward problem|
>IN sch
o - XX R * +|N|§Cscerr|2?ne
XK
e X
10° Wﬁ:g'ix
~ Py 5
> Fg g
> Fa i
= & i}
5| - ]
10 Hog
pg
R
&
g 8
g I
10| L L L Y T VJ;’
107 5 10 20 % %

15
Iteration

kg =p(Al —1)=048 <1
rin = P — 1) & 1.62 > 1

‘1
mints = PUrNsiNis —1) = 0.48 < 1
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Potschka’s QP example

0.83  0.083 034 —0.21

g |0083 04 034 —04
. 1 + “lo034 —034 o065 048"

min -y Hy —021 —04 048 075

y=(z,w) 2
A= [11 1.7] fo = [70.55 71.4]
st. 0=[A1, Ay, 0 052’ —0.99 —1.8
with M=1~A;, H=H
10° T T T v =
- X% { 5 Forward problem)
X -X-IN schy
XXX x NS scheme .
JVRVEVES (OAF-INIS scheme kp = p(A1 —1) =048 < 1

e
e ¥H 1 .
O, rin = P — 1) & 1.62 > 1

‘1
mints = PUrNsiNis —1) = 0.48 < 1

S
Iteration

AF-INIS: multiplier- and adjoint-free scheme (e.g. with Gauss-Newton)
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Optimal Control Problem (OCP)

m'" / IF(x(2), u(0)113 dt + |y ((T)II3
s.t. x(0) = %o

f(x(t), x(t), u(t))

h(x(t), u(t))

r(x(T)), vt € [0, T]

o o o
[\VARAVA
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Optimal Control Problem (OCP) — direct collocation
T N—1
min NG, s de o+ 1AV T I e 2 13 wi)l13 + 1l F o) 13
s.t. x(0) = s.t. 0 = x— X%
0 = A48 9, o) 0 = G(w;, k)
0 > h(x(t), u(t)) 0 = x+hBK; — xi11
0 > r(x(T)), vt € [0, T] 0 > hi(xi,up), i=0,...,N—1
0 > r(xy)
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Optimal Control Problem (OCP) — direct collocation

T N—1
min NG, s de o+ 1AV T I KTy 3 G )1 o)1
s.t. x(0) = s.t. 0 = x — %o
0= f(k(r) x(8), u(®)) 0 = Gwi, K)
0 > h(x(t), u(t)) 0 = x+hBK; — xj41
0 > r(x(T)), vt € [0, T] 0 > hi(x,up), i=0,...,N—1
0 > r(xy)

Choice of parametrization
@ control inputs: u(7) = u; for 7 € [t;, tit1)
@ discretization based on collocation polynomials

@ collocation equations as NLP constraints
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Collocation methods: Implicit Runge-Kutta
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Collocation methods: Implicit Runge-Kutta

@ continuous approximation
@ polynomial g(t) of degree S
@ shooting interval i =0,...,N—1

Flki 1+ h o7y atek; ,, u)
g() = : -0

f(ki,57 x;i+h Zf:l aSrk/',r’ u;)
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Collocation methods: Implicit Runge-Kutta

@ continuous approximation )

@ polynomial g(t) of degree S

@ shooting interval i =0,...,N—1

FOd od ™ S akd )

7,10 %

F(K g T S ek )

i, i

S
=T e h S bk,
r=1

i i

@ N fixed integration steps:
$(xi, ur) = X" = xi + hBK;
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Collocation methods: Implicit Runge-Kutta

@ continuous approximation

. Q(X‘)
@ polynomial g(t) of degree S 3 gl
@ shooting interval i =0,...,N -1 . §
. |
j j—1 s j e K E e !
f(kl 1, +h 3Py ankl ) i "
&)= : -0
hsxi ™" W a5k ) £ (w, K1)
S S ) G(w;, Ki) = : =0
K= b S bk :
RPN g (wi, K, . K)

@ N fixed integration steps:
$(xi, ur) = X" = xi + hBK;
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Collocation methods: Implicit Runge-Kutta

@ continuous approximation

. O(x‘)
@ polynomial g(t) of degree S 3 gl
@ shooting interval i =0,...,N -1 . §
— i
. . < S S €
FOd od ™ S akd ) K fies
g0)= : -0
F g X+ h 2 agkd ) &1, K1)
. - S . G(w;, Kj) = . =0
K= b S bk :
i it ; ir gNS(w,-,K,-l,”.,K,.NS)
@ N, fixed integration steps: e
i

d(xi,ui) = xM = x; + hBK; where 72 is invertible
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Sequential Quadratic Programming (SQP - GN)

Nonlinear Program (NLP)

N—-1

2 2
S FiG ullz + IFnGa) 15

o o o o o

Vv oIl

i=0

X0 — %o

G(w;, Kj)

xj + hB Kj — xj11

hi(xi, uj), i=0,...,N—1

r(xn)
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Sequential Quadratic Programming (SQP - GN)

Nonlinear Program (NLP) —  quadratic subproblem

N—1 ) s N—1 A 112 )
N LR LTENTE axBoax 2 B A ] |, + 1w+ w1

s.t. 0 = x— %o s.t. 0=2Xp — X + Axp
0 = G(w, Ki) aG; aG;
0=G; + Aw; + AK;

0 = x; + hBKj — xj41 ow oK

0 > hi(x;, uj), i=0,...,N—1 0=d; + Ax; + hBAK; — Axj4q

0 > r(xy) 0> hyin i(Ax;, Ay),  i=0,...,N—1

0 > nin(Axy)
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Sequential Quadratic Programming (SQP - GN)

Nonlinear Program (NLP) —  quadratic subproblem
= 2 2 = AXx 2 2
N LR LTENTE NS Joab ol R ol | RS RSN
s.t. 0 =x—5% s.t. 0=X0 — X + Axp
0 = G(wj, Ki) aG; aG;
0=Gi+ — Aw; + — AK;
0 = x; + hBKj — xj41 ow oK
0 > hi(x, ), i=0,..., N—1 0 =d; + Ax; + hBAK; — Axjtq
0> r(xw) 0> hini(Bx, Auy), i=0,...,N—1
0 > nin(Axy)

Newton-type Optimization: Gauss-Newton (GN) but also exact Hessian
By = V3,L(+), Quasi-Newton, adjoint-based schemes, ...
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Lifted collocation integrator®
“connection between collocation and multiple shooting”

Direct Multiple Shooting

Direct Collocation
with Collocation Integrator
N-1 N1
in ; Ui ui) +m(zy) min ; Uiy ui) +m(zy)
st. 0 = xo—dp

st 0 = a9 — g
0 = G(wi,K;), ieZy™
0= +BK;— 11, i€Z)!

AZ, AN Ap

Newton-type optimization

0 = ¢z u) —xipr, i€Z)!

B2, 1;)
and derivatives

Newton-type optimization

4R. Quirynen, S. Gros, and M. Diehl. “Lifted implicit integrators for direct optimal control”. In: Proceedings

of the IEEE Conference on Decision and Control (CDC). 2015.
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Lifted collocation integrator®
“connection between collocation and multiple shooting”

Direct Collocation

o1
i Haiouy
in ; (a7, ui) +m(zy)

st 0 = mo— g
0 = G(w,K;), iez)™"
0 =2, +BK;— i1, i€Zy™'

Newton-type optimization

Direct Multiple Shooting
with Lifted Collocation Integrator

N1
min Y I, u;) + mlzy)
=

o
st 0 = xo—do
0 = @+ BEKi— 201, i€Z)™
Ak Ky

and derivatives

Direct Multiple Shooting
with Collocation Integrator

No1
win Zu (i, ui) + m(zy)

st 0 = mg—ip

iezh !

Ti

and derivatives

Glw, K;)=0

.
.
.
.
.

Newton-type scheme

AZ,AA Ap

Newton-type optimization

Newton-type optimization

4Quirynen, Gros, and Diehl, “Lifted implicit integrators for direct optimal control”.
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Lifted collocation integrator (Gauss-Newton)

Bring direct collocation QP

N—1
1
min E (F,-TAW,- + EAW/-T H; AW,-)
i=0

AZ
s.t. 0 = X — % + Axp
0 = 6+ 2% aw + 2% ak; | i
ow oK
0 = dj+Ax + hBAK — Axip1r | X
i=0,...,N—1

into multiple shooting form:
N—1 - 1+
min ; (F,. Aw,-+5Awi H,-Aw,-)
st. 0=3Xg — X + Axp

- d
0=d + ¢

Aw; — Axjqy | Ai

5R. Quirynen et al. “Lifted Collocation Integrators for Direct Optimal Control in ACADO Toolkit”. In:
Mathematical Programming Computation (under review, preprint available at Optimization Online) (2016).
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Lifted collocation integrator (Gauss-Newton)

Bring direct collocation QP 1. Condensing step for i=o,...,n—1
- 8G; —1 8G; —19G;

N—1 1 AK; = — G;, V= -
min > (F,TAW,-+5AW,.TH,-AW,-) oK oK ow
AZ S } o

= d; = d; + hB AK;, @ =[1 0]+hBK"
st. 0 = X — %+ Axp w;

aG; aG;
0 = G+ - Awi+ — AK; | i
0 =

di + Ax; + h B AK; — Axjiq
i=0,...,N—1

[RY;

into multiple shooting form:

N—1
1
. T T
min ZO (F,. Aw,-+£Aw,- H,-Aw,-)
pn

st. 0=Xg — X + Axp
. d¢
0=d; + Aw; — Axip1 | A
dw;
i=0,...,N—1

5Quilrynen et al., “Lifted Collocation Integrators for Direct Optimal Control in ACADO Toolkit".
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Lifted collocation integrator (Gauss-Newton)
Bring direct collocation QP 1. Condensing step for i=o,....n 1
No1 L Ak G P 8G; —1 9G;
min > (F,-TAW;+ EAW,-TH,-AW,-) T oak oK  ow
=0 . - d¢ w
st 0 = %o — R+ B G =di+hBAK, ——=[1 0] +hBK
0= 6+ 2% am 4+ 2% ak | ’
- w . , ,
ow T g T Hi 2. QP solution: aw = (Aw, ..., Awy)
0 = di + Ax; + hBAK; — Axj4q | A;
i=0,...,N—1

into multiple shooting form:

N—1
1
. T T
min EO (F,- AWerEAw,- H,-Aw,-)
=

st. 0=Xg — X + Axp
. d¢
0=d;+ Aw; — Axipp | A
dw;
i=0,...,N—1

5Quilrynen et al., “Lifted Collocation Integrators for Direct Optimal Control in ACADO Toolkit”.
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Lifted collocation integrator (Gauss-Newton)
Bring direct collocation QP 1. Condensing step for i=o,....n 1
N—1 1 N 9G; 716 KW 9G; ~19G;
min > (F,-TAW;+ EAW,-TH,-AW,-) T oak oK  ow
=0 . - d¢ w
st 0 = %o — R+ B d; = d; + hBAK;, dw_,[n 0] +hBK;
0= 6+ 2% am 4+ 2% ak | ’
- w . , ,
ow T g T Hi 2. QP solution: aw = (Aw, ..., Awy)
0 = di + Ax; + hBAK; — Axj4q | A;
i=0,...,N—1

3. Expansion step for i=o,...,n—1
into multiple shooting form: AK; = AK; + K" Bw;

N—-1
1
. T T
min EO (F,- AWerEAw,- H,-Aw,-)
i=

st. 0=Xg — X + Axp
. d¢
0=d+ Aw; — Axipp | A
dw;
i=0,...,N—1

5Quilrynen et al., “Lifted Collocation Integrators for Direct Optimal Control in ACADO Toolkit”.
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Lifted collocation integrator (Gauss-Newton)

Bring direct collocation QP 1. Condensing step for i=o,....n 1
N—1 i} 8G; —1 8G; ~10G;
1 AR = — G, K"'=-
min > (F,-TAW; + EAW,-T H,-Aw,-) ' ok oK ow
i=0
- - d¢
st. 0 = X — %+ Ax di=di+hBAK, —m=[1 0] +hBK
:
0= 6+ 2% am 4+ 2% ak |
e w, , , i
T o ST g T Hi 2. QP solution: aw = (Aw, ..., Awy)
0 = di+Ax+hBAK — Axipr | A
i=0,...,N-1 3. Expansion step for i=o,...,n—1
into multiple shooting form: AK; = DK; + K Bw;

N—1
1
min > (F,-TAW,'+ —Aw,-TH,-Aw,-) . . .
AW g 2 Proposition: Both iterations are

mathematically equivalent.

: 5
Aw; — Axip1 | X Proof: see ~.

st. 0=Xg — X + Axp

d
0=d; + ¢
d

wi

... but not numerically equivalent!

5Quilrynen et al., “Lifted Collocation Integrators for Direct Optimal Control in ACADO Toolkit".
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Inexact Newton type schemes for Implicit Runge-Kutta®

9G(w, Ki-1) !

Ul — kb-1 _
K K K

G(w,KU=1y,  j=1,...

5R. Quirynen, S. Gros, and M. Diehl. “Inexact Newton based Lifted Implicit Integrators for fast Nonlinear
MPC". . In: Proceedings of the IFAC Conference on Nonlinear Model Predictive Control (NMPC). 2015, pp. 32-38.
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Inexact Newton type schemes for Implicit Runge-Kutta®
KUl = kU= M~ 1G(w, kU, j=1,...

li-1] .
where M ~ % can be obtained as:

@ reuse over integration steps

6Quirynen, Gros, and Diehl, “Inexact Newton based Lifted Implicit Integrators for fast Nonlinear MPC".
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Inexact Newton type schemes for Implicit Runge-Kutta®

KU — KU1 M1 (w, KUY, j—1,...

oG (w,KU-1l .
where M ~ % can be obtained as:

Hy + hapnh haip hajzh

haz J» Hy + hax > hap3Ja

@ reuse over integration steps hasiJs haspds Myt hassds

) L H+ hayjJ hajnJ hajzJ

@ Simplified Newton ~ | hand  H+hapt  haxl
hazJ haszpJ H+ haszJ

=130 H+hA®J

6Quirynen, Gros, and Diehl, “Inexact Newton based Lifted Implicit Integrators for fast Nonlinear MPC".
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Inexact Newton type schemes for Implicit Runge-Kutta®

KUl = K- — M-1G(w, KU1, j=1,

G (w,KU—1 .
where M ~ % can be obtained as:
Hy + hapnh haiph hajzh
haz J> Hy + haxn hap3Ja
@ reuse over integration steps hasiJs haspds Mzt hasds
) . H+ hajpJ hajpJ hayzJ
@ Simplified Newton ~ | hant  H4haynl  hagJ
haz;J hazyJ H + hazzJ
@ Single Newton 1,0 H+hA®J
H+ hagJ ha1pd ha13J
~ | hayJ H+ hagJ hip3J
hasJ hazpJ H + hazzJ

=13QH+hA®J

6Quirynen, Gros, and Diehl, “Inexact Newton based Lifted Implicit Integrators for fast Nonlinear MPC".
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Inexact Newton type schemes for Implicit Runge-Kutta®

KU = KU1 M 1G(w, KU-Y),  j=1,...

oG (w,KU-1l .
where M ~ % can be obtained as:
Hy + hapnh haiph hajzh
haz J> Hy + haxn hap3Ja
@ reuse over integration steps hasiJs haspds Mzt hasds
) . H+ hajpJ hajpJ hayzJ
@ Simplified Newton ~ | hant  H4haynl  hagJ
haz;J hazyJ H + hazzJ
@ Single Newton 1,0 H+hA®J
. . H+ hagJ ha1pd ha13J
o fixed matrix M ~ | hanJ  H+hdypd  hiJ
hasJ hazpJ H + hazzJ
°

=13QH+hA®J

6Quirynen, Gros, and Diehl, “Inexact Newton based Lifted Implicit Integrators for fast Nonlinear MPC".
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Lifted collocation integrator (Gauss-Newton)

Bring direct collocation QP

N—1
1
T T
i Fi' Aw; + —Aw; H-AW-)
w2 (AMow e jouTH s

s.t. 0 = X — X + Axp

aG; aG;
0 G+ —Aw; + oK AK; | pei
0 = di+Ax;i+ hBAK; — Axiyr | A;

i=0,...,N—1

into multiple shooting form:

2. QP solution: aw = (Aw,

1. Condensing step for i=o,...,n—1

; aG; 1 Y 2G; ~18G;
AR = — G, KY=-—

oK oK  ow
d¢

d; = d; + h B AK;, =[1

o] + hBKY

wi

Lo, Awy)

3. Expansion step for i=o,...,n—1

AK; = AK; + K Dw;



Direct Optimal Control Applications

16 /20

Inexact lifted collocation integrator (Gauss-Newton)

Bring direct collocation QP

N—1

1
3 (FiTAW,' + 5AW,.T H; Aw,')
i=0

min

AZ
s.t. 0 = X — % + Axp

aG; aG;

0= G+ —Aw + AK;
ow oK

0 = di+ Ax; + hBAK; — Axjiq
i=0,...,N—1

into multiple shooting form:

| pi

DY,

N—1
min
i=0
st. 0=Xg — X + Axp
- d
0=d; + ¢

wr

Aw; — Axjpy

) 1
in S (F;TAW,' + 7AWITH,-AW,'>
AW 2

| Ai

1. Condensing step for i=o,...,n—1

i, . aG;
AR = —M7rG, K = M7t
ow
. . d .
d; = d; + hB AK;, ¢:[1 0] + hBK!
wi
i, a6,  9G ,,\T
2. QP solution: aw = (aw, ..., Awy), 5

3. Expansion step for i=o,...,n -1

AK; = AK; + K Dw;

oK

aG; T -
. -T — T
Al = — M; < L i +8B /\.+>
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INIS lifted collocation integrator (Gauss-Newton)

i i i . i i=0,...,N—1
Bring direct collocation QP 1. Condensing step for N
, aG;  aG; _
& 1T AR = —M71G, AKY = —m7! (7[ + %Kiw)
min > (F,- Bw; + = Aw H; Aw;) ow oK
~
i ) ) o -
st. 0 = X — % +Ax di = di + hB AK;, 3 =[1 0] +hBK;
aG; aG; i
0 = G+ —Aw;+ —AK; | i . 9G;  9G; _,\ "
ow IK Fi=F + ( + —K; ) i
0 = d;+Ax;+hBAK; — Axpyp | A ow 9K
i=0,...,N—1

2. QP solution: aw = (aw, ..., Awy), 5
into multiple shooting form:

3. Expansion step for i=o,...,n—1

N—1
. 1
min Y (F;TAW,'#»fAWiTH,-AW,') o
AW 2 AK; = AK; + K/ Dw;

st. 0=Xg — X + Axp —wt P
K" =K"+AK"
0=d; + d‘ﬁAw-fo- By aG; T
i dw; i i+1 i ﬁ‘i+ =p — M{—T <8Kl ﬁi+BT5\i+>
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AF-INIS lifted collocation integrator (Gauss-Newton)

Bring direct collocation QP

N—1
1
min Z (F,-TAW,- + 7AWI-T H; Aw;)
i=0 2
s.t. 0 = X — % + Axp

0 = 6+ 2% aw 4+ 2% ak; | i
ow oK

0 = dj+Ax + hBAK — Axip1r | X
i=0,...,N—1

into multiple shooting form:

N—-1
1
. T T
le Z (F,- Aw; + EAWi H; AW,-)
i=0
st. 0=Xg — X + Axp

Awj — Axiy1 | A

- d
0=d + ¢
d

wr

1. Condensing step for i=o,...,n—1

; 2G;  0G; -
AR = —M7YG, AKY = —M7! (—’ + —’K,W)
ow oK
. . de .
d: = d; + hBAK;, [ o]+hBK
dw;

2. QP solution: aw = (aw, ..., Awy)

3. Expansion step for i=o,...,n—1
AK; = AK; + K Dw;

— —
K" =K"+AK/"
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Numerical case study: chain of masses
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Numerical case study: chain of masses

@< controlfed point

z[m]

Ao o 4 oo -

05 " e O

ym] Ty <iml

ACADO Toolkit

www.acadotoolkit.org
@ ny, masses with springs e T=5s5 N=20

@ one fixed, one controlled end @ 6(ny — 1) states, 3 controls
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10°g b
(;}exxxx -%-IN scheme
i + X&g& —INIS scheme
1072?5 4 = rAF-INIS scheme i
N +=--Forward problem
XXXXX <) Exact Gauss-Newton
Koo

40
Iteration
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;}exxxx -%-IN scheme
s % —INIS scheme
LR S {2 AF-INIS scheme
) o -=-Forward problem
JoNs Kot p
| 8 X <) Exact Gauss-Newton|
Mo

0 % %6 ]
‘ oo
© 7 Ry
107° > ]
b %
L L L L L L L
10 20 30 40 50 60 70 80
Iteration
Nm Ny Gauss-Newton IN INIS AF-INIS
4 18 14.79 ms 543 ms 4.76 ms 4.29 ms
5 24 34.04 ms 10.71 ms 9.39 ms 7.96 ms
6 30 62.08 ms 18.73 ms 14.88 ms 12.71 ms
7 36 106.57 ms 36.09 ms 21.93 ms 20.06 ms
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@ Conclusions and outlook
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Inexact Newton with Iterated Sensitivities *

@ inexact Newton optimization
@ local contraction theorem
@ direct optimal control

@ easy to implement

7Quirynen, Gros, and Diehl, “Inexact Newton-Type Optimization with Iterated Sensitivities”.
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Inexact Newton with Iterated Sensitivities *

@ inexact Newton optimization
@ local contraction theorem
@ direct optimal control

@ easy to implement

within the open-source ACADO Toolkit

7Quirynen, Gros, and Diehl, “Inexact Newton-Type Optimization with lterated Sensitivities”.
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Inexact Newton with Iterated Sensitivities *

@ inexact Newton optimization
@ local contraction theorem
@ direct optimal control

@ easy to implement

within the open-source ACADO Toolkit ‘ ;l/
Outlook: — e
o further applications
@ tailored implementations

@ globalization strategies

7Quirynen, Gros, and Diehl, “Inexact Newton-Type Optimization with Iterated Sensitivities”.
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A Unique opportunity (continued):

Numerical Simulation Methods for Embedded Optimization
@ Fast Nonlinear Model Predictive Control and Estimation
@ Numerical Simulation and Sensitivity Propagation
© Symmetric Hessian Propagation Technique (Robin)
© Structure Exploitation for Linear Subsystems
© Compression Algorithm for Distributed Multiple Shooting
Q@ Lifted Newton-Type Collocation Integrators
@ Local Convergence of Inexact Newton with lterated Sensitivities
© Open-Source ACADO Code Generation Software (Thor)
© Two-Stage Turbocharged Gasoline Engine
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