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Introduction
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Introduction

(b) open loop robust, Tg = 253.23 kN
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Introduction

(c) closed loop robust, TF = 260.04 kN
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Setting

» Consider a stochastic nonlinear dynamical system
To = To, Tpr1 = fr(Tr, ug, wi), k=0,...,N —1. (1)

» w = (wp,...,wn_1) is noise drawn from ellipsoid w € (0?1, 0)
Ellipsoid with shape matrix V € S% , centered at ¢ € R"

EWV,0)=={Vivtc|lveR" v v<1} 2)

uncertainty scaling parameter o > 0

» We are interested in robust constraint satisfaction for all possible trajectories

h(xk,uk) <0, Vg EX%(U)7 k=0,...,N—1, (3)
h(xN) < 0, Vey € XN(U), (4)

with Xy (u), k =0,..., N, the set of all reachable states at k given control trajectory u.
EOEOBOBOBOBRBRECR



Nominal OCP

N-1
min I (Tg, @ E
R k(Tr, uk) + E(TN)
s.t IEO:E(),



Approximate Robustification

» Model uncertainty tube by ellipsoids around nominal trajectory =, @

.f():fo(()) =: T, Th+1 ka(ik,ﬂk,()), k=0,...,N—1, (6)
xkeg(Pk7.i‘k), k=0,....,N

» Plan with linear feedback law to reduce uncertainty
ukZHk(l‘k)Zﬂk—l-Kk(xk—fk), k=0,....N—1, Ky=0. (8)

» Propagate ellipsoids according to dynamics linearized at z, @

Py=0, Pip1=(Ap + BpKp)Pi(Ag + BpKy) " 4 oI (9)
0 0 0
Akzaimfz(fk7ﬂkvo)v Bk:Tﬁ(fkyﬁk70)7 Fk:aiqﬁ(i.kaakvox kzO?’Ni]‘



Closed-loop Robustified NMPC problem

230 2 U(Zk, ur) + E(TN) (10a)
5.t To= To, (10b)
Tr+1= f(ZTk, Uk, 0), k=0,...,N—1, (10¢c)

Po=0, (10d)

Pri1= (A + B Ki) P (Ax + Be Ky)  + o’y [, k=0,...,N—1, (10e)

0 > hi(Zx, @) + v/ Br + €, k=0,...,N -1, (10f)

0> hn(Zk) + /By + €l, (10g)

B = Vhiy(zn) PyVhiy(ZN), i=1,.. Ny, (10i)

where K = (Ki,...,Kn_1), Ko =0, Vh}, (T, Ur) = V(z,u hi(Tk, @), VAl (Zn) = Vohiy (Zn),
Br €ER™x, e>0,1=(1,...,1), v/ elementwise.



Summarized formulation

» Collect y = (Z,a), M = vec(K), P eliminated.

» Summarize as

T f(y) (11a)
s.t. 9(y) =0, (11b)
hMy)+ /B +€l1 <0, (11c)
o?H(y,M) — B =0. (11d)

» Lagrangian

Ly, M pm) = fy)+ A gy) +p' (h(y) +VB+el)+n" (cPH(y, M) - B) (12)



KKT conditions

» KKT conditions

V() + Vgu)A+ Vh(y)p + o*V,H(y, M)n = 0, (13a)
o?V o H(y, M)n =0, (13b)

L diag(8) 2 —1n =0, (13¢)

9(y) =0, (13d)

0<upulhly)++/B+el <0, (13e)

o?H(y,M)— 3 =0. (13f)

» Interpret (13b) as FONC of njlvi[n n' H(y, M)
» Defines m(y,n) = argmj\/i{n n' H(y, M)
» Eliminate M = m(y,n)



Eliminate ...

» Reduced KKT conditions (M eliminated)

V() + Va)A + Vh(y)p + 0*V, H(y, m(y,n)n =0, (14a)
L diag(8) "% —n =0, (14b)

9(y) =0, (14c¢)

0<pLlh(y++B+el <0, (14d)

o H(y,m(y,n)) — B =0. (14e)



...and freeze

» Freeze uncertainty parts at some given 7, 7, M = m(7, 1)

V() + Vg)A + Vh(y)u+ o>V, H(g, M)ij =0, (152)
1 diag(8)"2p —n =0, (15b)

9(y) =0, (15¢)

0<puLlhy)+VB+el<0, (15d)

o?H(j, M) -3 =0. (15¢)



Perturbed nominal problem

> Define ¢ =V, H(y, M)7, H = H(y, M)

Vf(y) + Vgy)A+ Vh(y)u+oc =0, (16a)
9(y) =0, (16b)
0<pLh(y)++B+el <0, (16¢)
o’H - B =0. (16d)
» View as KKT conditions of perturbed nominal problem
myin fly)+o%eTy (17a)
5.t 9(y) =0, (17b)
h(y) + /B + €1 <0, (17¢c)
o?’H - p=0. (17d)



Algorithm sketch

1. Initialize y, n
2. Obtain M via

M + argm]viln n"H(y, M). (18)

3. Set e« V,H(y,M)n, H <+ /H(y,M).
4. Obtain y, 5, A, p, n from

myin fly) +o%eTy (19a)
s.t. 9(y) =0, (19b)
h(y) + /B +¢€1 <0, (19¢c)

o?H —p=0. (19d)

5. If converged: stop. Else: back to 2.



Convergence analysis sketch

> Stationary point of algorithm is KKT point of original NLP.
» Linear local convergence for sufficiently small uncertainty level o.
Assumption: LICQ, SOSC of nominal problem (o = 0)

Error in Jacobian of KKT residual map, evaluated at solution, scales as O(o)

For o sufficiently small, error will be sufficiently small for locally linear covergence
slower convergence for larger o



Back to the robustified OCP

» For robustified OCP, mj\}[n n" H(y, M) corresponds to

N-1 7 17
[ral% kz:;) Tr (C’k |:Kk:| by [K/J ) + Tr(CnPy) (20a)
st. Py=0, (20b)

Pii1 = (Ag + BrKy)Py(Ag + BrKy) " + 0Ty, k=0,...,N—1. (20c)

where  Ci, = V()b (Tr, W) diag (i) V () o (T, Wr) © (21)
Cy = VhN(:fN) diag(nN)VhN(fN)T (22)

» Equivalent in structure to finite-horizon stochastic LQR
» Analytic solution via Riccati recursion



Riccati recursion

N-1 I I T
i, kZ:O Tr (Ck [KJ P, |:Kk:| ) + Tr(Cn Py) (23a)
s.t. Py =0, (23b)

Piy1 = (A + BpKy)Pe(Ag + B Ky) T +0IW I, k=0,...,N—1.  (23¢c)
solved by Riccati recursion
Sy = Cy, (24a)
Ki = —(Ci" + B{l Sp41B1) " (CE* + Byl S Ay), (24b)
S =CF + A Sp1Ap + (CF + AL S 1 BR)Ky, k=N-1,...,1 (24c)
K§ = Ko =0, followed by a linear Lyapunov matrix forward simulation
Py =0,  Piyy=(Ap+ BrK}j)Pi(Ap + BrKj) T +0’TW ), k=0,...,N—1. (25)



Perturbed nominal OCP

» Perturbed nominal OCP

N-1 N-1 _
Z UZg, Gy) + E(Tn) + ,;) o [i:] + ENTN (26a)
s.t. To = o, (26b)
Tht1 :f(i'k,’l_tk,(]), k=0,...,N—1, (26C)
Ozhk(jk7ﬂk)+6k7 k:075N la (26d)
0> hN(.fN)—i-BN. (266)

where

l_)k:\/Hk(:fk,ﬂk,Pk,Kk)+€1, k=0,....,N—1, (27a)
by = \/HN(g‘ck,Pk) + €l. (27b)



Algorithm

Algorithm 1 Sequential inexact robust optimization for tube-based robust optimal control

Input: Initial guess z, u, n
repeat
K < riccatiRecursion(Z,u,n)
P + lyapunovForward(Z,u, K)
if Stationarity(Z,u, K, P,n) < TOL
break
end if
b, + getPerturbation(Z,u,n, P, K)

T, U, \, j1 < solvePerturbed0CP (¢, b)

1+ 3 diag(b)'p

return: z,u, P, K




Some notes

» Setting K = 0 (instead of Riccati recursion) gives algorithm for solving open-loop robust
OCP
Variation: Setting K} to precomputed stabilizing feedback gains
cf. Feng, Di Cairano, Quirynen. Inexact Adjoint-based SQP Algorithm for Real-Time
Stochastic Nonlinear MPC. Proceedings of the IFAC World Congress, 2020.
Zanelli, Frey, Messerer, Diehl. Zero-Order Robust Nonlinear Model Predictive Control with

Ellipsoidal Uncertainty Sets. Proceedings of the IFAC Conference on Nonlinear Model
Predictive Control (NMPC), 2021.



Test problem: control of a towing kite

> x=(0,0,9) R} ueR weR we[-2,2]

. va(0,u,w) tan 6 B
0= T(COSdJ m) where v, (6, u, w) = (vo + w)E(u) cos b,
. —a(0,u,w)sinp _ ~ o
¢ = Lsinf B(u) = Eo — cu
= 7uva(9L,u,w) + ¢ cosb

» Integration with one step RK4, N =80, T/N = 0.3
> Stage cost (negative tether thrust):

I (2, u) = —0.5002 A cos® O(E(u) + 1)/ E?(u) + 1
» Control constraints: —10 < u < 10, minimal heigth: Lsinfcos ¢ > hpin



Nominal solution

(a) nominal, Ty = 260.07 kN
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Open loop robust solution (K = 0)

A~

(b) open loop robust, TF = 253.23 kN
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Closed loop robust solution

(c) closed loop robust, TF = 260.04 kN
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Convergence behavior
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Summary

» Representation of uncertainty tube by ellipsoids

> Approximate uncertainty propagation and constraint satisfaction based on linearization

» Include linear feedback law to reduce conservativness

> Optimize feedback gains to minimize backoffs (automatically weighted by impact on cost)

» Alternatingly solve perturbed nominal OCP and back-off minimization (Riccati) until
convergence



