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Work flow in smooth direct optimal control

First discretize, then optimize.

Single shooting
~ SQP
o
+—
=
)
()
3
4=
OCP Multiple shooting NLP
Direct IPM
transcription
Problem formulation Time discretization Optimization
OCP = Optimal Control Problem SQP = Sequential Quadratic Programming
NLP = Nonlinear Program IPM = Interior-Point Method

Figure inspired by Lecture 1, Numerical Methods for Optimal Control: Introduction, 2022, by Mario Zanon and Sébastien Gros.
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The obvious way to tackle nonsmooth optimal control problems

Let us follow the path that worked so far:

1. Apply fixed-step size integration methods within direct single shooting, direct multiple
shooting or direct description to the nonsmooth optimal control problem.
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The obvious way to tackle nonsmooth optimal control problems

Let us follow the path that worked so far:

1. Apply fixed-step size integration methods within direct single shooting, direct multiple
shooting or direct description to the nonsmooth optimal control problem.

2. Smooth the nonsmooth model, and apply standard direct methods.

Due to nonsmooth dynamics, the resulting optimization problem is nonsmooth only in a few
points.

What can go wrong?
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Tutorial nonsmooth optimal control problem
Tutorial example inspired by [Stewart and Anitescu, 2010]. Further studied in [Nurkanovi¢ et al., 2020].

Continuous-time OCP

2
min 2(1)2dt + (2(2) — 5/3)2
i / (t)%dt + (2(2) — 5/3)

s.t. @(t) € 2 —sign(z(t)), te€][0,2]

Free initial value 2:(0) is the effective degree

of freedom. f
Equivalent reduced problem .
0 0.5 1 15 2
min V' (z) t

R . .
SO Example trajectories.
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Tutorial nonsmooth optimal control problem
Tutorial example inspired by [Stewart and Anitescu, 2010]. Further studied in [Nurkanovi¢ et al., 2020].

Continuous-time OCP

2
min xtgdt+m2—532
i / (1%t + (2(2) — 5/3)

st @(t) =2 — s(t)
0<A(t)—a(t) L1+s(t) >0
0<A(t) L1—s(t)>0, te0,2]

Free initial value x(0) is the effective degree
of freedom.

Equivalent reduced problem o

Denote by V' (xg) the nonsmooth objective
min V(o) value for the unique feasible trajectory
zo€R starting at z(0) = xo.
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Tutorial nonsmooth optimal control problem

Tutorial example inspired by [Stewart and Anitescu, 2010]. Further studied in [Nurkanovi¢ et al., 2020].

. : 2 :
Continuous-time OCP

i /0 2(t)%dt + (2(2) — 5/3)2
st (t) =2 —s(t)
0<AE) —z(t) L1+s(t) >0
0<A() L1—s(t) >0, te0,2]

Free initial value x(0) is the effective degree
of freedom. -2 -8 -1.6  -14  -12 -1
Equivalent reduced problem o o
Denote by V' (zg) the nonsmooth objective
min V() value for the unique feasible trajectory
zoER starting at 2(0) = xo.
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1. Direct optimal control with a time stepping IRK discretization

Tutorial example inspired [Stewart and Anitescu, 2010]. Further studied in [Nurkanovi¢ et al., 2020].

Continuous-time OCP o 7
2
/ z(t)%dt + (z(2) — 5/3)?
0

min
z(-),A(),s(+)
st @(t) =2 — s(t)
0<At)—x(t) L1+s(t)>0
0<At) L1—s(t)>0, tel0,2]

» discretize the DCS with fixed step size ! -2 -8 -1.6 14 -12 -1
IRK methods T
» e.g., midpoint rule, Gauss-Legendre IRK
; _ 2
with ns = 1, accuracy O(h%) Locally quadratic objective.
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1. Direct optimal control with a time stepping IRK discretization
Tutorial example inspired [Stewart and Anitescu, 2010]. Further studied in [Nurkanovi¢ et al., 2020].

Discrete-time OCP

N-1
min Z bn(xn) + (zn — 5/3)2
= n=0

s.t. Tnt+l1 = ¢f(xn, Zn)
0 = ¢int(Tn,2n), n=0,...N —1

» discretize the DCS with fixed step size
IRK methods o 18

16 14 12 1
» e.g., midpoint rule, Gauss-Legendre IRK To
with ng = 1, accuracy O(h?)
» step size h = 0.2, i.e., N =10
integration steps

Many artificial local minima and wrong
derivatives.
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1. Direct optimal control with a time stepping IRK discretization
Tutorial example inspired [Stewart and Anitescu, 2010]. Further studied in [Nurkanovi¢ et al., 2020].

Discrete-time OCP

N—-1
min Z bn(xn) + (zn — 5/3)2 181 ;
X,z o /

8t Znt1 = Of(Tn, 2n) L7} /

AN
0:¢int($n72n)a n:O,N—l 1.6 + \ /

V(o)

\_//
15}

» discretize the DCS with fixed step size

IRK methods My 18 16 14 12 1
» e.g., midpoint rule, Gauss-Legendre IRK To

with ng = 1, accuracy O(h?)
> step size b = 0.1, i.e., N =20 Many artificial local minima and wrong

integration steps derivatives.
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1. Direct optimal control with a time stepping IRK discretization

Tutorial example inspired [Stewart and Anitescu, 2010]. Further studied in [Nurkanovi¢ et al., 2020].

Discrete-time OCP

N-1
min Z bn(xn) + (zn — 5/3)2
= n=0

8t Znt1 = Of(Tn, 2n)

0 = ¢int(Tn,2n), n=0,...N —1

» discretize the DCS with fixed step size

IRK methods

» e.g., midpoint rule, Gauss-Legendre IRK

with ng = 1, accuracy O(h?)

» step size h = 0.04, i.e., N =50
integration steps
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1. Direct optimal control with a time stepping IRK discretization

Tutorial example inspired [Stewart and Anitescu, 2010]. Further studied in [Nurkanovi¢ et al., 2020].

Discrete-time OCP

N-1
min Z bn(xn) + (zn — 5/3)2
o n=0

St Tpy1 = Pf(xn, 2n)

0 = ¢int(Tn,2n), n=0,...N —1

» discretize the DCS with fixed step size

IRK methods

» e.g., midpoint rule, Gauss-Legendre IRK

with ng = 1, accuracy O(h?)

» step size h = 0.02, i.e., N = 100
integration steps
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——h =10.02
1.9+

1.4 . . . . .
-2 -1.8 -1.6 -1.4 -1.2 -1

Zo

Many artificial local minima and wrong
derivatives.



1. Direct optimal control with a time stepping IRK discretization

Tutorial example inspired [Stewart and Anitescu, 2010]. Further studied in [Nurkanovi¢ et al., 2020].

Discrete-time OCP

N-1
min Z bn(xn) + (zn — 5/3)2
o n=0

St Tpy1 = Pf(xn, 2n)

0 = ¢int(Tn,2n), n=0,...N —1

» discretize the DCS with fixed step size

IRK methods

» e.g., midpoint rule, Gauss-Legendre IRK

with ng = 1, accuracy O(h?)

» step size h = 0.01, i.e., N = 200
integration steps

4. Direct methods for nonsmooth nonlinear optimal control

A. Nurkanovi¢

——h=0.01
1.9+

1.4 . . . . .
-2 -1.8 -1.6 -1.4 -1.2 -1

Zo

Many artificial local minima and wrong
derivatives.



1. Direct optimal control with a time stepping IRK discretization

Tutorial example inspired [Stewart and Anitescu, 2010]. Further studied in [Nurkanovi¢ et al., 2020].

2 ! T T T T
Discrete-time OCP Exact /

N-1
min Z bn(xn) + (x5 — 5/3)2
o n=0

s.t. $n+1=¢f(xn,zn)
0 = Gint(Tn,2n), n=0,...N —1

» discretize the DCS with fixed step size
IRK methods

» e.g., midpoint rule, Gauss-Legendre IRK
with ng = 1, accuracy O(h?)

» decreasing the step size might worsen Many artificial local minima and wrong
the situation derivatives.
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2. Direct optimal control with a standard IRK discretization - smoothin

Tutorial example inspired [Stewart and Anitescu, 2010]. Further studied in [Nurkanovi¢ et al., 2020].

2 .

Continuous-time OCP

2
min xtzdt+x2—532
i /0 (0)%d + (2(2) — 5/3)

st #(t) =2 —sign(z(¢t)), t€]0,2]

> midpoint rule, with & = 0.05; N = 40 My e a4 12

Zo
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2. Direct optimal control with a standard IRK discretization - smoothin
Tutorial example inspired [Stewart and Anitescu, 2010]. Further studied in [Nurkanovi¢ et al., 2020].

Smoothed continuous-time OCP
2
min z(t)%dt + (z(2) — 5/3 0.5}
omn [ e (@@ -5/ .
x(t) E
st. @(t)=2— tanh(—), te0,2] g
o —~ o=0.1
% — =005
2
0.5
Equivalent reduced problem
-1
g)lérﬁv,,(xo) -1 0.5 2 0.5 1

» midpoint rule, with h = 0.05; N = 40
» solve smoothed OCP for different o
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2. Direct optimal control with a standard IRK discretization - smoothin
Tutorial example inspired [Stewart and Anitescu, 2010]. Further studied in [Nurkanovi¢ et al., 2020].

Smoothed continuous-time OCP

2
min x(t)2dt + (z(2) — 5/3)?
z(-)ecooqo,z])/o ) (=(2) =5/3)
x(t)

st. &) =2—tanh(Z2), te[0,2]

(o

Equivalent reduced problem

min V; (zo) -2 1.8 1.6 1.4 1.2 -1
zoER

o

» midpoint rule, with h = 0.05; N = 40
» solve smoothed OCP with ¢ = 0.1
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2. Direct optimal control with a standard IRK discretization - smoothin

Tutorial example inspired [Stewart and Anitescu, 2010]. Further studied in [Nurkanovi¢ et al., 2020].

2 : :
Smoothed continuous-time OCP
o =0.05

2
min x(t)2dt + (z(2) — 5/3)?
z(-)ecooqo,a])/o ) (=(2) =5/3)
x(t)

st. &) =2—tanh(Z2), te[0,2]

(o

Equivalent reduced problem

min V; (zo) -2 1.8 1.6 1.4 1.2 -1
zoER

o

» midpoint rule, with h = 0.05; N = 40
» solve smoothed OCP with ¢ = 0.05
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2. Direct optimal control with a standard IRK discretization - smoothin

Tutorial example inspired [Stewart and Anitescu, 2010]. Further studied in [Nurkanovi¢ et al., 2020].

2 : :
Smoothed continuous-time OCP Exact

2 1.9¢
min x(t)2dt + (z(2) — 5/3)?
z(-)ecooqo,a])/o ) (=(2) =5/3)
t
st. () =2- tanh(@), te|0,2]
g

Equivalent reduced problem

min V; (zo) -2 1.8 1.6 1.4 1.2 -1
zoER

o

» midpoint rule, with h = 0.05; N = 40
» solve smoothed OCP with ¢ = 0.025
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2. Direct optimal control with a standard IRK discretization - smoothin

Tutorial example inspired [Stewart and Anitescu, 2010]. Further studied in [Nurkanovi¢ et al., 2020].

2 : :
Smoothed continuous-time OCP Exact

2 1.9¢
min x(t)2dt + (z(2) — 5/3)?
z(-)ecwqo,z])/o ) (=(2) =5/3)
t
st. () =2- tanh(@), te|0,2]
g

Equivalent reduced problem

min V; (zo) -2 1.8 1.6 1.4 1.2 -1
zoER

o

» midpoint rule, with 2 = 0.05; N = 40
» solve smoothed OCP with ¢ = 0.0125
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2. Direct optimal control with a standard IRK discretization - smoothin

Tutorial example inspired [Stewart and Anitescu, 2010]. Further studied in [Nurkanovi¢ et al., 2020].

Smoothed continuous-time OCP 2 ‘ ‘
Exact
min / 2(t)2dt + (2(2) — 5/3)2 '
; 0

z(-)€C>(
o (1)
st. @(t)=2— tanh( . ), t €[0,2]

Equivalent reduced problem

min Vg (.’L‘o) 1.4 . . . . .
zo€R -2 -1.8 -1.6 14 1.2 -1
T

» midpoint rule, with h = 0.05; N = 40

» solve smoothed OCP with ¢ = 0.00625
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2. Direct optimal control with a standard IRK discretization - smoothin

Tutorial example inspired [Stewart and Anitescu, 2010]. Further studied in [Nurkanovi¢ et al., 2020].

2 ‘
Exact
Smoothed continuous-time OCP Lop|— 7Z 8:(1)5
) o =0.025
—— 0 =0.0125
min / z(t)?dt + (x(2) — 5/3)? e N—— o = 0.00625
z(-)€C>([0,2]) Jo = AN
x(t) |
st. #2(t)=2-— tanh(—), te€[0,2] =~
o 16}
L5)
Equivalent reduced problem " ‘ ‘ ‘ ‘ ‘
T2 1.8 <16 -14 -12 -1
1 x
B&Ye o) °
> midpoint rule, with & = 0.05; N = 40 If h > o, then the smooth approximation
behaves the same as the nonsmooth
problem!
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Smoothed continuous-time OCP

z(-)EC>(

st. z(t) =2— tanh(ﬂt)

g

. 2 e 2
mm[o’z]) /0 x(t)*dt + (z(2) — 5/3)

), t€0,2]

Equivalent reduced problem

inV,
g V)

» midpoint rule, with h = 0.025; N = 80

4. Direct methods for nonsmooth nonlinear optimal control
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Exact

——o0=0.1
L9y o =0.05
o =0.025
L8 N——0 = 0.0125
N—— o - 0.00625

g7l N\ \
N

1.6]

15)

1~4 L L L L L

2 18 16 -14  -12 -1

If h > o, then the smooth approximation
behaves the same as the nonsmooth
problem!



Work flow in nonsmooth direct optimal control

First discretize, then optimize.

Single shootin
N g g sQP
o
I nonsmooth
3 NLP IPM
ocp £ Multiple
shooting
Reg.
& Penalty
Direct | MPEC
transcription Active-set
Problem formulation Time discretization Optimization

OCP = Optimal Control Problem SQP = Sequential Quadratic Programming

NLP = Nonlinear Program IPM = Interior-Point Method

MPEC = Mathematical Program with Equilibrium Constraints Reg. = Regularization
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How to resolve the issues with nonsmooth dynamics?

We need to:
1. Use a switch detecting integration method: restore accuracy of integration method.

2. Compute derivatives correctly.

0 0.2 0.4 0.6 0.8 1 -2 -1.8 -1.6 -14 -1.2 -1
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Computing derivatives of a discrete time system

Regard an ODE, for simplicity without a control:
x(t) = f(z(t)), z(ty) = g, t € [tr, trt1]

In direct optimal control, with the use of an integrator we regard:

Trr1 = Y(xp)
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Computing derivatives of a discrete time system

Regard an ODE, for simplicity without a control:
x(t) = f(z(t)), z(ty) = g, t € [tr, trt1]

In direct optimal control, with the use of an integrator we regard:

Tt = Y(k)
In Newton-type optimization we need to linearize this equation, e.g., at a feasible point
(Tt1,Tk):
OY(Zk)

(& — &) — (Tht1 — Thoy1)

oV (7y)
ox

0=vY(Tk) = Tpy1 +

0=(ZTk) — T+1 + Az — Azgyq
—_——

=0
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Computing derivatives of a discrete time system

Regard an ODE, for simplicity without a control:
x(t) = f(z(t)), z(ty) = g, t € [tr, trt1]

In direct optimal control, with the use of an integrator we regard:

Tt = Y(k)
In Newton-type optimization we need to linearize this equation, e.g., at a feasible point
(Tt1,Tk):
OY(zy)

(& — &) — (Tht1 — Thoy1)

oV (7y)
ox

0=vY(Tk) = Tpy1 +

0= w(fk) — Tr41+ Az — Axpyq
—_———
=0
Change in final state by change initial state described by:
oY (Zk)
ox

Here S(t) = %2:—’“), ie, S(typt1) = dx(t(’;“‘w’“) = 99(1) s the sensitivity matrix.

T dﬂ?k

A.’L‘k

AQCIchl =
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Consider the smooth ODE:

i=—z—0.222

Trajectory examples.

4. Direct methods for nonsmooth nonlinear optimal control A. Nurkanovié¢

1.5

'f/)(ick)

z(tyi1; o)

i Tp

Solution and sensitivity maps.




Geometric interpretation of the sensitivity matrix S(¢) - smooth case

Consider the smooth ODE:

i=—z—0.222

0 0.2 0.4 0.6
t

0.8 1

Linear approximation at tz1.
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= ()

z(tyi1; o)

OY(Zy)

Az = ~ Axy,
+ ox
1 1'5 1
1 | |
0 5 5
5 A\
-1 . _ '
, g ,
H& I
-2 4 £ |
' ] )
-3 ! 0-5 :
4 / ! 5
5 : 0 :
6 4 2 0 6 4 2 0
i Tp

Linear approximation of solution map.



Consider the smooth ODE:

&= —x—0.22>
2
1.5+
=
193]
0.5+
0 L L L L
0 0.2 0.4 0.6 0.8
t

Sensitivities in time.
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= 'f/)(ick)

z(tyi1; o)

oY(Zy,
Azpir = ( ’)A
oz
15 .
1 E
’5 1
|
0.5 '
. 0 :
6 -4 -2 0 6 4 2 0
i Tp

Linear approximation of solution map.



Computation of S(t) - smooth case

An excellent reference on sensitivity computation is the PhD Thesis [Quirynen, 2017].

S(#) = da(t; xy) da(ty;zr) _ day

t>1 tr) = =
’ > ko S( k) dl‘k dl‘k

= I (initial value)
dl‘k
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Computation of S(t) - smooth case

An excellent reference on sensitivity computation is the PhD Thesis [Quirynen, 2017].

S(t) = %;Zk)ﬂf >ty, S(tk) = %’;IC) = j—i: = T (initial value)
We take the first differentiate, then integrate:
dS(t) _ dda(tzy)  dat; )
de  dt dxy, o dxy,
_ Affaltin) | Of(e(tm) de(tim) _ 0f (i) g
dzy, Oxy, dzp Oxy,
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Computation of S(t) - smooth case

An excellent reference on sensitivity computation is the PhD Thesis [Quirynen, 2017].

_ da(tya) do(ty;xr)  day,

S(t) = Qo 1t S(ty) = G~z ! (initial value)
We take the first differentiate, then integrate:
dS(t) _ dda(tzy)  dat; )
de  dt dxy, o dxy,
_ Affaltin) | Of(e(tm) de(tim) _ 0f (i) g
dzy, Oxy, dzp Oxy,

Then, jointly integrate:

w(t)\ _ [ f@®) . a(ty) = ap, S(te) = S

) \E2sw
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Computation of S(t) - smooth case

An excellent reference on sensitivity computation is the PhD Thesis [Quirynen, 2017].

_ da(tya) do(ty;xr)  day,

S(t) = Qo 1t S(ty) = o ~am ! (initial value)
We take the first differentiate, then integrate:
dS(t) _ dda(tzy)  dat; )
de  dt dxy, o dxy,
_ Affaltin) | Of(e(tm) de(tim) _ 0f (i) g
dzy, Oxy, dzp Oxy,

Then, jointly integrate:

)y [ f=()

. = , x(ty) = zk, S(tk) = Sk
S(t) ()

But if the function f(z) is not differentiable in 2?7
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Consider the nonsmooth ODE:

s = {3 itz <0 e et
"1, ifz>0’ Rtk

o
8
4l
0 0.2 0.4 0.6 0.8 1
t
Solution has kinks in time.
4. Direct methods for nonsmooth nonlinear optimal control A. Nurkanovié¢

= (xy)

2t k)

T

Solution map has kinks.

Tr

12/41



Geometric interpretation of the sensitivity matrix S(¢) - nonsmooth c

Consider the nonsmooth ODE:

) 0Y(zx,
. 3, ifz<0 Azpp1 = Wl )Amk
@(t) = . ;b€ [trstiga] Ox
1, ifzxz>0
9 : L5
Lr ] !
Azpy1 = Spy1Amy . '
< ]
&8 ' 1
= |
I | <
T . 0.5
£ !
&3 1
4l ) : 0
0 0.2 0.4 0.6 0.8 1 4 -2 0 2 4 2 0 2
t T Ty

Solution has kinks in time. Sensitivity discontinuous.
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() = 3, ifz<0 L€ [t bos]
1, ifz>0’ ks Uk41
2
15¢
=
@0
05}
0 . . . .
0 0.2 0.4 0.6 0.8 1
t

Sensitivities jump in time.
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= P(xy)

2(tpi1; k)

4 2 0 2 4 2 0
T T

Linearization wrong across switches.
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Geometric interpretation of the sensitivity matrix S(¢) - nonsmooth c

Consider the nonsmooth ODE:

i =12 Tt ATk+1 = awa(xk)m’“
= ) 9 X
1, ifz>0 Rtk
9 1.5

i 1
=8 |
I <

) — ' gz

B : e
T : 0.5
£ :
&g 1

s ] E 0
0 0.2 0.4 0.6 0.8 1 4 2 0 2 4 2 0 2
t T Ty
Large error. Linearization wrong across switches.
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Summary on sensitivities of nonsmooth systems

1.5

» Solution map ¢(zy) has kinks, sensitivity

d .
—ﬁi’“) jumps

= P(xy)

» The discontinuity of f(x(t)) introduces
also jumps in S(t) in time

dip(zk)
dxy,

0.5

2(tpi; k)

» Linearization can be arbitrarily wrong, if
there are changes of switches

» Correct computation of S(t) requires
switch detection and updates 2
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Computation of S(t) - nonsmooth case

Regard a bimodal system:

o [RG0). vEm) <o
" {fzw», b(a(t)) > 0. &

At some ¢ trajectory x(t) crosses switching surface ¢ (z) =0, e.g.:

» before crossing: & = fi(x) for t € [0,ts), with solution z1(t; x¢)

> after crossing: ts we have & = fao(x) for ¢t € (ts,T] with solution za(t; z1(ts; z0))
Trajectory pieces x1(t) and x2(t) glued together by condition:

Y(@1(ts(wo); 20)) = 0.
Computing sensitivity for:
> t < ts - just like in the smooth case;
» t > t, - everything depends implicitly on the switching times ¢s(xg)
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Computation of S(t) via the Saltation matrix

Before and after the switch the S(t) obey linear variational differential equation (VDE)

Si(t) = afa"iff)si(t), i=1,2

The function S(t) obeys smooth VDEs, on both sides of ¢, but exhibits a jump at .

Proposition

Regard the system (1) with x(0) = xy € R; on an interval [0,T] with a switch at ts € (0,T).
Assume that the functions fi(x), fa(x), i ;(x) are continuously differentiable along

x(t),t € [0,T]. Assume the solution x(t) reaches the surface of discontinuity transversally, i.e.,
Vip(x(ts)) T f1(2z(ts)) > 0. Then the sensitivity S(T';0) of a solution x(t; zo) of the system
described by the ODE (1) is given by

S(T;0) = S(T;t1)J(x(ts; 20))S(t; ;0) with

(fala(ts; o)) — fr(@(ts; 20))) Vi (x(ts; 20)) T '

J(2(ts; 20)) = I + Vi (x(ts; 20)) T f1(x(ts; 20))
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Work flow in nonsmooth direct optimal control

First discretize, then optimize.

Single shooting
. SQP
o
s nonsmooth
=
& NLP
=1 5 IPM
5 Multiple
OCP .
shooting
Reg.
& Penalty
Direct 7 MPEC
transcription Active-set
Problem formulation Time discretization Optimization
OCP = Optimal Control Problem SQP = Sequential Quadratic Programming
NLP = Nonlinear Program IPM = Interior-Point Method
MPEC = Mathematical Program with Equilibrium Constraints Reg. = Regularization
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Switch detecting integrators in shooting methods is an old idea

Some historical references:
» 1950s - First derivations of the Saltation matrix [Aizerman and Gantmakher, 1958]

» 1980s - Multiple shooting, switch detection, first described in PhD thesis of Hans Georg
Bock [Bock, 1987] (multiple shooting introduce by Bock and Plitt [Bock and Plitt, 1984])

» 2000s - Other attempts with multiple shooting and SQP: with single step methods
(RK4) [Kirches, 2006], with multi-step methods (BDF) [Brandt-Pollmann, 2004]

> ...
» 2020s: More recent in robotics, hybrid iLQR [Kong et al., 2021], [Kong et al., 2024]
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Switch detecting integrators in shooting methods is an old idea

Some historical references:
» 1950s - First derivations of the Saltation matrix [Aizerman and Gantmakher, 1958]

» 1980s - Multiple shooting, switch detection, first described in PhD thesis of Hans Georg
Bock [Bock, 1987] (multiple shooting introduce by Bock and Plitt [Bock and Plitt, 1984])

» 2000s - Other attempts with multiple shooting and SQP: with single step methods
(RK4) [Kirches, 2006], with multi-step methods (BDF) [Brandt-Pollmann, 2004]

> ...
» 2020s: More recent in robotics, hybrid iLQR [Kong et al., 2021], [Kong et al., 2024]

Can work sometimes quite good, but why not established yet?
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For simplicity we consider

min F'(w)

where F' : R™ — R is a piecewise smooth
function. Without constraints, KKT conditions

reduce to
VF(w)=0
SQP and IPM reduce to Newton's method and

read as
wh T = wk — [V2F(w®)| 7'V F (w")

A. Nurkanovi¢
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Nonsmooth optimization examples: convex kink not at solution

min F'(w)

where

2

3w? —2 -1
F(w):{w , w<
w, w > —1

4. Direct methods for nonsmooth nonlinear optimal control A. Nurkanovié¢ 19/41



Nonsmooth optimization examples: convex kink not at solution

6 .
—F(w)
5L O Initialization
q O Newton iterations
min F'(w)
w

where

2

3w? — 2 -1
F(w):{w , w<
w, w > —1

» Sometimes the Newton steps “skip” over a
convex kink.
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Nonsmooth optimization examples: convex kink not at solution

100
min F(w)
w
| = 107 ¢
where 3
3w? — 2 1 Ll;
we—2, w<— ]
Flw)=1 ", — 10-10
w*, w > —1 1077+
» Sometimes the Newton steps “skip” over a
convex kink. o]
3 1 1.5 2
Iteration Iteration
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Nonsmooth optimization examples: concave kink not at solution

min F'(w)
where
0.1w? —-0.9, w< -1
F(w) = { 2
w*, w > —1
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concave kink not at solution

Nonsmooth optimization examples

1.5 : ‘ ‘ ‘
— F(w)

O Initialization
. O Newton iterations
min F'(w)
w 1t
where B
) &
0.1w* —0.9, w< -1
_ 0.5
F(’LU) - 2
w*, w > —1
0

» Sometimes the Newton steps “skip” over a

concave kink.

A. Nurkanovi¢
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Nonsmooth optimization examples: concave kink not at solution

1.2 : 10°
1
min F'(w)
v 0.8 i
where — = 1075 |
206 5
P _ 0.1w?—-0.9, w< -1 R >
(w) B w2, w > —1 0.4 1
0.2 1 107104
» Sometimes the Newton steps “skip” over a
concave kink. 0 |
1 2 3 1 1.5 2
Tteration Tteration
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Nonsmooth optimization examples: convex kink at solution

min F'(w)

where

) (w+1)? w<0
Fw) = {(1.111} +1)%, w>0
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Nonsmooth optimization examples: convex kink at solution

min F'(w)
w 6 ‘ . . :
— F(w)
where o Initialization
9 51 O Newton iterations| |
—w+1 w < 0
(llw+1)%, w>0 4
3
o ko3
» It may be difficult to converge to a convex
kink or to verify it )
1t
-1.5 1.5
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Nonsmooth optimization examples: convex kink at solution

min F(w) 46 4.6
Whel’e 4.4
4.4
—w+1)?2 w<0 —
F(w) = ( ) ) 4.2} =
(Llw+1)%, w>0 5 3
r:‘/ = 4.2
1 L
» It may be difficult to converge to a convex
kink or to verify it 381 4
» At convex kink, we may need to compute
a subgradient, and check if 0 € OF (w) 3.6 ‘
» More complicated to get “"KKT 0 10 ) 20 0 10. 20
Iteration Iteration

conditions” for nonsmooth problems, may

not work at other kinks line search may help, but still need to verify

0 € OF (w)
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Nonsmooth optimization examples: convex kink at solution

min F'(w) 6 ‘ ‘
w
— F(w)
where O Initialization
5r O Newton iterations| |
- 1)2 <0
Pwy={ WY 4l
(Llw+1)2, w>0 3
~ 3

» It may be difficult to converge to a convex
kink or to verify it 27

» At convex kink, we may need to compute
a subgradient, and check if 0 € 0F (w) 1t

» More complicated to get “"KKT
conditions” for nonsmooth problems, may
not work at other kinks

1.5

line search may help, but still need to verify

. ) 0 € OF (w)
» Even more difficult: generic solver that

solves these “KKT conditions”
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Nonsmooth optimization examples: concave kink lead to stalling

Stopping despite having a descent direction

min F'(w) 1
w —F(w)
where
w+ 05w w<0 0-5
F(w) = 3 —
w”, w >0 =
Ry
0 L

0.5 >~

-1.5 -1 -0.5 0 0.5 1
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Nonsmooth optimization examples: concave kink lead to stalling

Stopping despite having a descent direction

min F'(w) 1 : : |
w —F(w)
O Initialization
where O Newton iterations
w+ 05w w<0 0.5¢
Flw)=1 , —
w”, w >0 =
Ry
. . 0r
> Stops where right derivative is VF(w) =0
» Not a “saddle point”, left derivative is
VF(w) <0
(w) 05> : : :
-1.5 -1 -0.5 0 0.5 1
w
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Nonsmooth optimization examples: concave kink lead to stalling

Stopping despite having a descent direction

min F'(w) 0.4 10°
w
where
0.3+
w+0.5w? w<0
Flw)y=1{"" =
w?, w >0 3 3 107
>
> Stops where right derivative is VF(w) =0 -
» Not a “saddle point”, left derivative is 0.1
VF(U/) <0 \\ 10—10
» Conclusion: we use the wrong optimality 0
conditions and step computation 0 10 20 0 10 20
Iteration Iteration
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Nonsmooth optimization examples: concave kink lead to stalling

Stopping despite having a descent direction

min F'(w) 1 : : |
v — F(w)
O [Initialization
where O Newton iterations
w4+ 05w? w<0 0-5 i
Flw)=1 , —
w”, w >0 =
Ry
. S 0r 1
> Stops where right derivative is VF(w) =0
» Not a “saddle point”, left derivative is
VF(w) <0
() . e 05>
» Conclusion: we use the wrong optimality -1.5 -1 -0.5 0 0.5 1

conditions and step computation w

» \We resolve these problems in the Lectures
5and 6
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Outline

3 Finite Elements with Switch Detection (FESD)
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Work flow in nonsmooth direct optimal control

First discretize, then optimize.

Single shooting
SQP
P
[}
= nonsmooth
.
b NLP
£ IPM
OCP Multiple shooting
Reg.
& Penalty
Direct 7 MPEC
transcription Active-set
Problem formulation Time discretization Optimization
OCP = Optimal Control Problem SQP = Sequential Quadratic Programming
NLP = Nonlinear Program IPM = Interior-Point Method
MPEC = Mathematical Program with Equilibrium Constraints Reg. = Regularization
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Main ideas of FESD

Based on [Baumrucker and Biegler, 2009, Nurkanovi¢ et al., 2024, Nurkanovi¢ and Diehl, 2022]

FESD overview

1. Transform nonsmooth system into dynamic complementarity system (Lecture 3)

&= F(z,u) 0
. 0=g(z)—A—eu
& € Fr(z,u) — 0<0LA>0
l1=¢'0

4. Direct methods for nonsmooth nonlinear optimal control A. Nurkanovié¢
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Main ideas of FESD
Based on [Baumrucker and Biegler, 2009, Nurkanovi¢ et al., 2024, Nurkanovi¢ and Diehl, 2022]
1. Transform nonsmooth system into dynamic complementarity system (Lecture 3)

2. Consider at least two integration intervals = finite elements

24/41
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Main ideas of FESD

Based on [Baumrucker and Biegler, 2009, Nurkanovi¢ et al., 2024, Nurkanovi¢ and Diehl, 2022]

FESD overview

1. Transform nonsmooth system into dynamic complementarity system (Lecture 3)

2. Consider at least two integration intervals = finite elements

tn—l tn tn+1 tn+2

L J\ J\ J
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Main ideas of FESD

Based on [Baumrucker and Biegler, 2009, Nurkanovi¢ et al., 2024, Nurkanovi¢ and Diehl, 2022]

FESD overview

1. Transform nonsmooth system into dynamic complementarity system (Lecture 3)

2. Consider at least two integration intervals = finite elements
3. Use general implicit Runge-Kutta methods (Lectures 2)

hn+1
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Main ideas of FESD

Based on [Baumrucker and Biegler, 2009, Nurkanovi¢ et al., 2024, Nurkanovi¢ and Diehl, 2022]

FESD overview

. Transform nonsmooth system into dynamic complementarity system (Lecture 3)

=

. Consider at least two integration intervals = finite elements

. Use general implicit Runge-Kutta methods (Lectures 2)

A~ W N

. Let step sizes h,, be degrees of freedom (under-determined system)
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Main ideas of FESD

Based on [Baumrucker and Biegler, 2009, Nurkanovi¢ et al., 2024, Nurkanovi¢ and Diehl, 2022]

FESD overview

1. Transform nonsmooth system into dynamic complementarity system (Lecture 3)
Consider at least two integration intervals = finite elements

Use general implicit Runge-Kutta methods (Lectures 2)

Let step sizes h,, be degrees of freedom

G~ D

Cross complementarity conditions - adapt h,, for switch detection
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Main ideas of FESD

Based on [Baumrucker and Biegler, 2009, Nurkanovi¢ et al., 2024, Nurkanovi¢ and Diehl, 2022]

FESD overview

1. Transform nonsmooth system into dynamic complementarity system (Lecture 3)

2.
3.
4.
5.
6.

Consider at least two integration intervals = finite elements

Use general implicit Runge-Kutta methods (Lectures 2)

Let step sizes h,, be degrees of freedom

Cross complementarity conditions - adapt h,, for switch detection

Step equilibration - remove degrees of freedom if no switch

tn-1 tn tn+1 tn+2

|
I
1
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From Filippov to dynamic complementarity systems
Using the KKT conditions of the parametric LP

LP representation

&= F(z,u) 0
with 6 € argmin g(z) "6
geRr™f
st. 0< 0

1=¢'6

F(z,u) = [fz,u),..., fo(z,u)] € R">"

g(x) = [91(17), <o 9ny (m)]T eR™
=[1,1,...,1]T eR™

o
|
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From Filippov to dynamic complementarity systems

Using the KKT conditions of the parametric LP

Express equivalently by optimality conditions:

Dynamic Complementarity System (DCS)

LP representation

r —= F 9 2
&= F(z,u)0 * (2,u) (22)
0=g(z) = A—ep (2b)

with 0 € argmin g(z)T 0 0<0LAX>0 (2¢)

ferts ) 1=¢'0 (2d)
st. 0<40 .

~
1=¢'6 .

= F(z,u) 6
where 0= Grp(,0, A p),

F(o,0) = [0 o)) € 77 > € Rand X € R™ are Lagrange
(2) = [1 (=) ( )]T c R multipliers
glr) = gl-fE,..-a—.(I]—nf A'Enf >(1c)<:)min{9,/\}=0€R”f
e=[L1...1" eR > Together, (1b), (1c), (1d) determine the
(2ny 4 1) variables (6, A, 1) uniquely
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Conventional discretization by Implicit Runge Kutta (IRK) method

Continuous time DCS
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Continuous time DCS Discrete time IRK—DCS equation

z(0) = Zo, T0,0 = T0,  Tn41,0 = Tnyo + A Y 1oq bitn,i
#(t) = v(t) Tn,i = Tn,0 +h Y02 Qi jn;
o(t) = F(z(t),u(?)) 0(t) Vni = F(ZTniyUn i) Oni
0= g(z(t)) — A(t) — epu(t) 0=9g(Zni) — Ani — Elins
0<6(t) LA®) =0 0<bpiLAi>0
1=e'0(t), tel0,T] 1=¢6n; i=1,...,ns, n=0,...,N—1

Notation: z,; € R"*,0,, ; € R™ etc. RK stage values with:
» ne{0,1,...,N} - index of integration step; step length h :=T/N
» 4,5 €{0,1,...,ns} - index of intermediate IRK stage / collocation point
» a;; and b; - Butcher tableau entries of Implicit Runge Kutta method

20,0 21,0 2,0 3,0
V1,1 V1,2 ... VUl,ng
¢ ¢ ¢ ¢ t
toto to2 ... tone l1 to t3
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Finite Elements with Switch Detection (FESD)

FESD is a novel DCS discretization method based on three ideas:

> make step sizes h,, free, ensure 25;01 hn, =T (cf. [Baumrucker and Biegler, 2009])
» allow switches only at element boundaries, enforce via cross-complementarities,

1.5

» remove spurious degrees of freedom via step equilibration.
1 1 1
0 0 0
= = =
8 8 8
-1 -1 -1
-2 -2 -2
0 0.5 1 15 0 0.5 1 15 0 0.5 1
t t
conventional variable step sizes and
discretization cross-complementarities

4. Direct methods for nonsmooth nonlinear optimal control
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FESD discretization
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Conventional DCS and FESD discretization without step equilibration

Time-stepping discretization
h=T/N
Tpt1,0 = Tno+hY ooy bivn

—_— ns .. .
Tn,i = Tn,0 + th:1 Uy

Zo,0 = To,

Un,i = F(xn,iy un,i) en,z

0= g(xn,i) - >\n,i — Eln;
= €T9n7i
fori=1,...,ng

and n=0,...,N —1
> N extra variables (hyg, ..

FESD discretization without step equilibration
_ N—1
To,0 = To, Y g ln =T
Tn41,0 = Tn,0 + i Z?il bivnﬂ'
Tn,i = Tno + hn )52 @i jUn,;j

Un,i = F(xn,ia un,i) an,z

0= g($n,i’) - >\n,i/ — €lini!
0< 6, L A, >0 (cross-complementarities)
l= eTOn,i
for i=1,...,n and n=0,...,N—1
and ' =0,1,...,ng

.,hn—_1) restricted by one extra equality

> Additional multipliers A, o, ttn,0 are uniquely determined

4. Direct methods for nonsmooth nonlinear optimal control
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Conventional DCS and FESD discretization

Time-stepping discretization
h=T/N
Tn+1,0 = Tn,0 +h Z;nil bivn,i

—_— ns .. .
Tp,i = Tno+h Zj:l Q5,5Un,j

Zo,0 = To,

Un,i = F(xn,iv un,i) en,z

0 = g(xn,z) - )\n,i - e;u/n,i

0 S en,i 1 >\n,i > 0

1= 6T0n7¢
fori=1,...,ng

and n=0,...,N —1
» N extra variables (hy, ..

FESD discretization with step equilibration

_ N-—-1
To0 =T0, Yo n =T
n,
Tn+1,0 = Tn,0 + hn Zzil bivn,i
Mg
Tnyi = Tno + hn D20 G0

Un,i = F(mn,iy un,i) en,z

0= g(Tn,ir) = Aniir — efin,i
0<6,,; L A, >0 (cross-complementarities)
1= eTﬂn,i
0=v(0n,0n 11, A\, Anrt1) - (B —hpr 1)
for i=1,...,ng and n=0,...,N—1
and i =0,1,...,ns and ' —0... . | N —2

.,h_1) restricted by one extra equality

» Additional multipliers Ay, o, ttn,0 are uniquely determined

» Indicator function v(0,,, 0y 41, Agr, Ar1) only zero if a switch occurs

4. Direct methods for nonsmooth nonlinear optimal control
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Multipliers in conventional and FESD discretization

Time stepping discretization: FESD discretization:
. = ‘| ‘| T ‘| E|
! 1 1 1
! l l 1
! l
I =05 | | 1
! l 1 1
! l l 1
4 | | | I
0 1 m . 1 1]
0 0.1 0.2 03 0.4 0.5
t
1 1 1 1 1 1 ] i i i 1 1
| | | | ! X X X
1 1 1 1 | | |
l l l l | | |
Tosf 1 1 1 1 Zos} | | |
l l l l | | |
1 1 1 1 | | |
| | | | | | |
0 T T T T ] 0 T T ; T
0 0.1 0.2 03 0.4 05 0 01 02 03 04

Lemma (Cross complementarity)

If any 0., ;; with j =1,...,ng is positive, then all \,, j:; with j' =0, ...,ng must be zero.
Conversely, if any A, j ; is positive, then all 0,, ;; are zero.
Notation >‘n,j,i - n - finite element, j - RK stage, i - component of vector
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Multipliers in conventional and FESD discretization

Time stepping discretization: FESD discretization:
1 I I I ] 15 1 o i
| | I
I | I 1
= L — |
%08 osf I I | N
| | | —
I | I 1
| | | |
0 0 T T . 1 1
o 0 0.1 0.2 03 04 05
t
I I I T 1 . . : [
! | | | | — ! ' ' "
l l I I —
_ 1 1 l I - : : : —
Zos | 1 1 1 | Zo.
1 1 1 1 1 sos : : : :
l l I I I | | | |
1 1 1 1 |
0 . . . T 1 0 1 1 : T 1
0 0.1 02 03 0.4 05 0 01 02 03 04 05
t t

FESD's cross-complementarities exploit the fact that the multiplier ;(¢) is continuous in time.
On boundary, X;(t,) must be zero if 6;(t) > 0 for any t € [t,—1,tn+1] On the adjacent intervals.
This implicitly imposes the constraint g;(x,,) — gj(z,) = 0.

—> h,, adapts for exact switch detection
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Step equilibration

» if no switches happen, cross complementarity implied by standard complementarity
» spurious degrees of freedom in h,,: more degrees of freedom than equations
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Step equilibration

» if no switches happen, cross complementarity implied by standard complementarity
» spurious degrees of freedom in h,,: more degrees of freedom than equations

» exploit complementarity of 6,,, \,, to encode switching logic

> define (very complicated) switch indicator function v (cf. [Nurkanovi¢, 2023]:

positive, if no switch at ¢, 11

9n7 en ) )\na )\n =
v( +1 +1) {0, if switch at 41
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Step equilibration

>
>
>
>

if no switches happen, cross complementarity implied by standard complementarity
spurious degrees of freedom in h,,: more degrees of freedom than equations
exploit complementarity of 6, \,, to encode switching logic

define (very complicated) switch indicator function v (cf. [Nurkanovi¢, 2023]:

positive, if no switch at ¢, 11

9n7 en ) )\na )\n =
v( +1 +1) {0, if switch at 41

» step equilibration:
O:V(en,6n+1,)\n,)\n+1)'(hn—hn_;,_]), ’I’L:O,,N—Q
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Step equilibration

vvyyvyy

if no switches happen, cross complementarity implied by standard complementarity
spurious degrees of freedom in h,,: more degrees of freedom than equations
exploit complementarity of 6, \,, to encode switching logic

define (very complicated) switch indicator function v (cf. [Nurkanovi¢, 2023]:

positive, if no switch at ¢, 11

Hny en ) )\na )\n =
v( +1 +1) {0, if switch at 41

step equilibration:
O:V(9n79n+1a)\n;)\n+l)'(hn_hn-i-l)a n:()va_Q

Summary:
> If switch happens, then h,, is determined by cross complementarity.
> If no switch happens, then h,, is determined by step equilibration.
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Numerical solution without equilibration

Example with four switches

Indicator function over time:

Step size over time:

0.25

0.15 1

1020 L
0 0.5 1 15

J Vv

5 4

hu(t)

i, tanh (v (t)
&
N B
—_—
N B
[ —
N —

-

L L L
0 0.5 1 15 2 25 3 35 4

Optimizer varies step size randomly, potentially playing with integration errors.
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Numerical solution

Example with four switches

Indicator function over time:

1020 L
0 0.5

N S
| [

4

.
v‘vl/v

Equidistant grid on each "switching stage”.

4. Direct methods for nonsmooth nonlinear optimal control

Step size over time:

0.25

T
T
| | | | | | | | | |
[ e S A I R N A
| | | | | | | | | |

02 —_—

| | | | | | | | | |

T L A N Y R B

| | | | | | | | | |

[ R Y

= | | | | | | | | | |

Fosr [ [ [ [
| | | | | | | | | |
I
T T T T T T T T T T
[ N A |

011 | | | | | | | | | |
[ N A |
| | | | | | | | | |
[ N A |
| | | | | | | | | |

oosb— L 1l =T
0 0.5 1 15 2 .5 3.5
t

Jumps exactly at switching times.
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Integration order plots for FESD and IRK time stepping

Revisit example from Lecture 3

Tutorial example

B = All‘, Hx”% < 17
AQxa ||5’3||§ > 17
. 2w 1 27
with A; = , Ay =
27 1 2 1

2(0) = (e~1,0) for t € [0, Z].

Compute global integration error E(T') using different
strategies.
Compute solution approximation:

1. With fixed step size IRK methods (time-stepping).
2. FESD with same underlying IRK methods.
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FESD recovers high integration order for switched systems

Standard VS. FESD

1010 =©=— Midpoint Rule 2 - 10710
=== Gauss-Legendre 4

Gauss-Legendre 6
== Gauss-Legendre 8
10_15\\\\H T T 11 |11l 10_15‘\\\\\ o

1072 107t 1072 107t

Integration error E(T') at time T = /2 vs. step-size h, for different IRK methods.
FESD discretization recovers high integration order
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FESD recovers high integration order for switched systems

Standard Vs. FESD
T TTTT T T TTTTT
10°¢ 10°
: 4
e
o 107° |- 1075
g
1010 |{ ==@== Implicit Euler 1 1010
=== Radau-lIA 3 ;
Radau-1l1A 5
=== Radau-IIA 7
10715\\\\H T 1| |11l 10715\\\\\\
1072 1071 1072 107!
h h

Integration error E(T') at time T = /2 vs. step-size h, for different IRK methods.
FESD discretization recovers high integration order
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Outline

4 FESD-Discretization of Optimal Control Problems
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Discretizing optimal control problems with FESD

. . . » States at control grid points
Discretized optimal control problem gnap

s = (SQ,...,SN)
N-1 » Piecewise controls u = (ug,...,un—_1)
o Z(I)L(Sk’ 2k, ur) + E(sn) » FESD with Ngg; finite elements applied
k=0

on every control interval
s.t. sp =1

Sk1 = D r(sp, 25, uk)
0 = Pint(Sk, 2, Uk)
0> h(sg,ug), k=0,...,N—1
0> r(sn)

Control horizon [0, T] with N control stages

U2
up UN-1

| 1 1 | 1 | T
I I I T I 1

£ S1 So s3 SN-1 SN
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Discretizing optimal control problems with FESD

. . . » States at control grid points
Discretized optimal control problem gnap

s = (SQ,...,SN)
N-1 » Piecewise controls u = (ug,...,un—_1)
o Z(I)L(Sk’ 2k, ur) + E(sn) » FESD with Ngg; finite elements applied
k=0

on every control interval
st. sp== . .
e © » ®;.,. summarizes all internal FESD

Sk+1 = (I)f(skvzkauk) equations: RK, cross complementarity,
0 = Pine(Sk, 2k, k) step equilibration, ...
0> h(sg,ug), k=0,...,N—1
0> r(sn)

Control horizon [0, T] with N control stages

Ug
S0 = 0,0 Zo1 0,2 Z0,Npp—1 §1 = T0,Nyg
| . ° | o | | . ° |
I L @ T s 4 T T hd e 1 T
—— ' : — ¥
hoo hO,l hO»Nmfl
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Discretizing optimal control problems with FESD

. . . » States at control grid points
Discretized optimal control problem gnap
s = (SQ,...,SN)

N-1 » Piecewise controls u = (ug,...,un—_1)
o Z(I)L(Sk’ 2k, ur) + E(sn) » FESD with Ngg; finite elements applied
k=0

on every control interval

st. sp== . .
e © » ®;.,. summarizes all internal FESD

Sk+1 = (I)f(skvzkauk) equations: RK, cross complementarity,
0 = Pine(Sk, 2k, k) step equilibration, ...
0> h(sg,ug), k=0,...,N—1 » z=(zp,...,2n—1) - all interval
0> r(sy) variables: internal states, stage values of

states and multipliers, step sizes, ...

Control horizon [0, T] with N control stages

Ug
S0 = 0,0 Zo1 0,2 Z0,Npp—1 §1 = T0,Nyg
| ° Py | Py | | ° ® |
I L @ T @ T T hd e 1 T
— ' : e
ho,o ho,1 ho,Nee—1
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FESD-discretized optimal control problems are MPCC

N-1
min F(w
min Z@L(sk,zk,uk) + E(sn) wERNw (w)
S,2,U
k=0 st. 0=G(w)
s.t. Ssp=1Tp 0> H(w)
k1 = LSk, 2k, k) 0<G1(w) L Ga(w) >0
0 = Qing(Sk, 2k, uk)
0> h(sg,ug), k=0,...,N—1 Standard and cross complementarity
0> r(sy) constraints summarized in

Collect w = (s, z,u) € R™» 0< Gi(w) L Ga(w) 20

Mathematical programs with
complementarity constraints (MPCC) are
more difficult than standard NLPs
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Revisiting the OCP example - now with FESD

Tutorial example inspired by [Stewart & Anitescu, 2010]

Continuous-time OCP

2
/0 z(t)?dt + (z(2) — 5/3)?
t €0,2]

min
2(-)€C0([0,2])
st @(t) = 2 — sign(z(t)),

Free initial value 2(0) is the effective degree

of freedom.

Equivalent reduced problem

minV (o)

4. Direct methods for nonsmooth nonlinear optimal control

A. Nurkanovi¢

-2 -1.8 -1.6 -1.4 -1.2 -1
Zo

» Denote by V(zg) the nonsmooth
objective value for the unique feasible

trajectory starting at x(0) = xo.
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Revisiting the OCP example - now with FESD

Tutorial example inspired by [Stewart & Anitescu, 2010]

1.9

1.8

1.7

Objective

1.6

1.5

e V15 (0)
s Vipsp (20)
Exact

-2 —-1.5

-1

» no spurious local minima, correct sensitivities

—0.5 H

= = = Time stepping - single NLP
= Time stepping - homotopy
s FESD - single NLP

= == FESD - homotopy

—— Analytic Solution

Zo

» convergence to the "true” local minimum, both with homotopy and without it
> accuracy of order O(hP), in contrast to standard approach with only O(h)
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Revisiting the OCP example - now with FESD

Tutorial example inspired by [Stewart & Anitescu, 2010]

1.9 1
e V15 (0)
s Vipsp (20)
1.8 Exact
()
.2
I3
o 1.7
2z
o
1.6
1.5 ‘
—2 —1.5

-1

» no spurious local minima, correct sensitivities

= = = Time stepping - single NLP
= Time stepping - homotopy
s FESD - single NLP

= == FESD - homotopy

—— Analytic Solution

Zo

» convergence to the "true” local minimum, both with homotopy and without it
> accuracy of order O(hP), in contrast to standard approach with only O(h)

» FESD solves the accuracy and convergence issues

4. Direct methods for nonsmooth nonlinear optimal control
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nosnoc

An open source tool for optimal control of nonsmooth systems

Available Systems

> All reformulations are automated, nosnoc supports various systems such as:

simply provide problem and model data. > Piecewise Smooth Systems (via Stewart or

> A wide variety of features: DAEs, Heaviside Step reformulations).
nonlinear and quadratic costs, general
(including complementarity) path
constraints, and terminal constraints.

» Heaviside Step Differential
Inclusions [Nurkanovi¢ et al., 2024].

» Complementarity Lagrangian systems (via
FESD-J [Nurkanovi¢ et al., 2024] or
time-freezing [Nurkanovi¢ et al., 2023]).

» C++ code generation for embedded
MPC

» Developed and Maintained by Anton
Pozharskiy, Jonathan Frey, and Armin
Nurkanovié.

» Projected Dynamical
Systems [Pozharskiy et al., 2024].
‘ github.com/nosnoc/nosnoc

github.com/nosnoc/nosnoc_py
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Conclusions and summary

» Finite Elements with Switch Detection (FESD) allow highly accurate simulation and
optimal control for nonsmooth systems of level NSD2

» Following similar lines, FESD can be derived for the Heaviside step reformulation
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Conclusions and summary

» Finite Elements with Switch Detection (FESD) allow highly accurate simulation and
optimal control for nonsmooth systems of level NSD2
» Following similar lines, FESD can be derived for the Heaviside step reformulation

» Key ideas: make step sizes degrees of freedom and introduce implicit relations that locate
the switches

» Switch detection not only essential for high accuracy, but also for correct sensitivities
(no spurious solutions)
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Conclusions and summary

» Finite Elements with Switch Detection (FESD) allow highly accurate simulation and
optimal control for nonsmooth systems of level NSD2
» Following similar lines, FESD can be derived for the Heaviside step reformulation

» Key ideas: make step sizes degrees of freedom and introduce implicit relations that locate
the switches

» Switch detection not only essential for high accuracy, but also for correct sensitivities
(no spurious solutions)

» FESD solves many of the issues that standard methods have: integration accuracy,
convergence of sensitivities

» Main practical difficulty: solving Mathematical Programs with Complementarity
Constraints (MPCC)
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Derivation of the Saltation matrix

Before and after the switch the S(t) obey linear variational differential equation (VDE)

Si(t) = afa"iff)si(t), i=1,2

The function S(t) obeys smooth VDEs, on both sides of ¢, but exhibits a jump at .

Proposition

Regard the system (1) with x(0) = xy € R; on an interval [0,T] with a switch at ts € (0,T).
Assume that the functions fi(x), fa(x), i ;(x) are continuously differentiable along

x(t),t € [0,T]. Assume the solution x(t) reaches the surface of discontinuity transversally, i.e.,
Vip(x(ts)) T f1(2z(ts)) > 0. Then the sensitivity S(T';0) of a solution x(t; zo) of the system
described by the ODE (1) is given by

S(T;0) = S(T;t1)J(x(ts; 20))S(t; ;0) with

(fala(ts; o)) — fr(@(ts; 20))) Vi (x(ts; 20)) T ' (3)

J(2(ts; 20)) = I + Vi (x(ts; 20)) T f1(x(ts; 20))
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Proof follows similar lines as in [Stewart and Anitescu, 2010]

For ¢ < tg, the solution z(t; () satisfies the ODE & = f;(z(t; o)) and the sensitivity matrix
ST (t,0;x0) = %ﬂgo) obeys:

Sa(t) = ‘9J;—S“")Sf(t), 57(0) = 1.

At t = t4 the solution reaches the surface of discontinuity:
i, (x(ts (w03 20))) = 0 (4)
For t > ts, one has y(t) = f.(y(t;y0)) which is related to the solution via

y(t;yo) = z(t + ts(w0);z0), yo(zo) = (ts(w0); T0)- (5)
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Proof of the proposition (2/3)

Note that y(t — ts(xo); xo) = x(¢; o). Therefore, the sensitivity, for ¢ > t5 can be computed via

S*(t,0;20) = 835;2:0) _ Oyt - tsézz));yo(xo)

_Oy(t — ts Ots(xo) i y ~ Oyo(zo)
= ot 8.730 + S (t t57 yO) 8330 ) (6)
B (o) " Y ~ Oyo(xo)
- f* (fL’(t)) al’o +5 (t - tsa ?JO) 81'0 )
We can compute %gT(’go) at t =t using (5)
Ao (x 0x(ts(xo); x Ots(x T S
olr) _ Oullelinitn) _ ) 2560) 4 (17, 0120), 7

Using the implicit function theorem (cf. [Dontchev and Rockafellar, 2014, Theorem 1B.1]) for
(4), again at t = t; we obtain

Ots(wo) _ Vi (@ (ts (w03 0))) T S* (t5, 05 20) 8)
dx Vi j(x(ts(xo; w0))) T filx)
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Proof of the proposition (3/3)

Let ¢ — ¢ in (6), then SY(t — ts;y0) — I. Plugging (7) and (8) into (6) for the remaining
unknown terms we obtain

Vi j (2(ts(z0; 20))) T S* (¢S, 0; o)
Vs j (2 (ts(xo; 0))) T fi() (©)
Vi j (x(ts(wo; 20))) T S* (t5, 05 20)
Vb j (@ (ts(zo; 70))) T fil)

Finally, from the chain rule we have S*(T',0,z0) = S*(T,tS,20)S*(t},0,2) and (9) we
obtain (3).

S*(t,05w0) = fu(x(t))

ST (ty,0;m) + ST (5, 0;0)

- fi(z)
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Switch detection - example

Suppose that x(t) crosses from Ry to Ry and recall that ¢ = min; g;(z)
Continuous time:

» Before switch: 61(t) > 0,A1(t) =0, and 02(t) =0, 2 >0
» After switch: el(t) = O,)\l(t) >0, and 92(t) >0, =0
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Switch detection - example

Suppose that x(t) crosses from Ry to Rs and recall that g = min; g;(z)
Discrete time (switch between the n-th and n + 1-st finite element):

» Before switch: 9n7]‘,1 >0, /\n,j,l =0, and Gn,jg =0, )\n,j’g >0
> After switch: 60, ;1 =0, 1 >0, and 0, 2 >0, j2 =0
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Switch detection - example

Suppose that x(t) crosses from Ry to Rs and recall that g = min; g;(z)
Discrete time (switch between the n-th and n + 1-st finite element):

» Before switch: 9717]‘,1 >0, )\n,j71 =0, and Gn)jg =0, )\n,j’g >0
» After switch: 9n7j,1 =0, )\n,j,l > 0, and an,j’g > 0, )\n,j,g =0
From Lemma 1 it follows that A, ;.1 = Aun.2 =10

Switch detection conditions

91(Tnt1) = Anne,l = tn,n,
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Switch detection - example

Suppose that x(t) crosses from Ry to Rs and recall that g = min; g;(z)
Discrete time (switch between the n-th and n + 1-st finite element):

» Before switch: 9717]‘,1 >0, )\n,j71 =0, and Gn)jg =0, )\n,j’g >0
» After switch: 9n7j,1 =0, )\n,j,l > 0, and an,j’g > 0, )\n,j,g =0
From Lemma 1 it follows that A, ;.1 = Aun.2 =10

Switch detection condition

91(Tnt1) =0 — g2(Tnt1)
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Switch detection - example

Suppose that x(t) crosses from Ry to Rs and recall that y = min; g;(z)
Discrete time (switch between the n-th and n + 1-st finite element):

» Before switch: 9»,17]',1 > 0, /\n,j,l =0, and 9n,j,2 =0, )\n,j,2 >0
> After switch: Hn,j)l =0, )\n,j,l > 0, and Gn)j’z > 0, )\n,j’g =0
From Lemma 1 it follows that A, ;.1 = Ap .2 =0

Switch detection conditions

0=qn ($n+1) - gz(xn+1) = ?/112(30n+1)

Implies constraint such that h,, must adapt for exact switch detection!
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Summary of FESD theoretical results

1. An FESD problem needs to solve a nonlinear complementarity problem (NCP) to advance
the integration. The solutions of these NCP are locally unique.

> For a given point determine which constraint cross comp. and step eq. are binding, and
which implicitly satisfied.
> Obtain square system and apply implicit function theorem.

2. Convergence of the FESD method to a Filippov solution of the underlying system with
accuracy O(h?) is proven. Here, p is the order of the underlying smooth IRK method.

> Solution approximation and true solution predict same active set.
» Switching time accuracy also O(h?).

4. Direct methods for nonsmooth nonlinear optimal control A. Nurkanovié¢ 52/41



Summary of FESD theoretical results

1. An FESD problem needs to solve a nonlinear complementarity problem (NCP) to advance
the integration. The solutions of these NCP are locally unique.

> For a given point determine which constraint cross comp. and step eq. are binding, and
which implicitly satisfied.
> Obtain square system and apply implicit function theorem.

2. Convergence of the FESD method to a Filippov solution of the underlying system with
accuracy O(h?) is proven. Here, p is the order of the underlying smooth IRK method.

> Solution approximation and true solution predict same active set.
» Switching time accuracy also O(h?).

3. Convergence of numerical sensitivities to the true value with O(h?) is given.

> Cross. comp. implicitly enforce switching condition and lead to correct sensitivities.
» The Stewart & Anitescu problem is solved.
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Optimal control benchmark with FESD

Benchmark example with entering/leaving sliding mode

States ¢,v € R? and control u € R?,
OCP with sliding modes r e (10) "

4 o : q1 +0.15¢3
. Switching functions ¢(z) =
min u(t) Tu(t) + v(t) To(t) dt 3
i [ a0 Tu) + o) o 0056} + a2
2r
S.t. SC'(O) = (?,5,0,0)
—sign(c(z(?))) + v(t)
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FESD vs standard IRK - number of function evaluations

Benchmark on an optimal control problem with nonlinear sliding modes

I I I I I I
10° -
5 s g ! 6 é * ¥ % %
g o o 2 a g
% o
B o®
w074 =
: 0B
‘s o
@ @ o O
5 o o
L A\
F| o & B¢
€ O Radau-IIA-FESD O Radau-I1A-Std
) QLobatto»IIIC—FESD oLobatto—IIIC—Std
= O Gauss-Legendre-FESD B Gauss-Legendre-Std o O O @
% Explicit-RK-FESD # Explicit-RK-Std ‘ @ ‘ |

10712
101 1012 10144 101.6 101.8 102 102.2

Total number of stage points

Terminal constraint satisfaction vs. number of stage points
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FESD vs standard IRK - CPU Time

Benchmark on an optimal control problem with nonlinear sliding modes

107* |- WQ} El i EEE
B
¢

0

- ) 0 UK o |
Radau-IIA-FESD 8Radau—IIA—Std

SLobatto—IIIC—FESD Lobatto-111C-Std

0 Gauss-Legendre-FESD B Gauss-Legendre-Std
% Explicit-RK-FESD % Explicit-RK-Std O o 0
10—12 L T TTTTI | | L1 | | |

10° 101 102
CPU time [s]

Terminal constraint satisfaction

Terminal constraint satisfaction vs. CPU time
FESD one million times more accurate than Std. for CPU time of =~ 2 s
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